MULTIPLICATION ON THE TANGENT BUNDLE 
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CLAUS HERTLING 

Abstract. Manifolds with a commutative and associative multi- 
plication on the tangent bundle are called F-manifolds if a unit field 
exists and the multiplication satisfies a natural integrability con- 
dition. They are studied here. They are closely related to discrim- 
inants and Lagrange maps. Frobenius manifolds are F-manifolds. 
As an application a conjecture of Dubrovin on Frobenius manifolds 
and Coxeter groups is proved. 
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2 claus hertling 

0. Introduction 

In ||HM|| ||Man|| (1.5) the notion of an F-manifold was introduced. It is a 
triple (M, o, e) where M is a manifold, o is an C^M-bilinear commutative 
and associative multiplication on the tangent sheaf Tm, e is a global 
unit field, and the multiplication satisfies the integrability condition 

Lie Xo y(o) = X o Lie y (o) + Y o Lie x (°) (0.1) 

for any two local vector fields X and Y . Frobenius manifolds are F- 
manifolds ([ |HM| |[ [Man|| (I.5)); this motivated the definition of this no- 



tion. 

This paper is devoted to the local structure of complex F-manifolds. 
It turns out to be closely related to singularity theory. Discriminants 
and Lagrange maps will play a key role. 

Distinguished (germs of) F-manifolds with many typical and some 
special properties are the base spaces of semiuniversal unfoldings of iso- 
lated hypersurface singularities and of boundary singularities (chapters 
16 and 17). Here the tangent space at each parameter is canonically 
isomorphic to the sum of the Jacobi algebras of the singularities above 
this parameter. Many of the general results on F-manifolds have been 
known in another guise in the hypersurface singularity case and all 
should be compared with it. 

One reason why the integrability condition (0.1) is natural is the fol- 
lowing: Let (M,p) be the germ of an F-manifold (M, o, e). The algebra 
T P M decomposes uniquely into a sum of (irreducible) local algebras 
which annihilate one another (Lemma 1.1). Now the integrability con- 
dition (0.1) ensures that this infinitesimal decomposition extends to a 
unique decomposition of the germ (M,p) into a product of germs of 
F-manifolds (Theorem 4.2). 

If the multiplication at T p M is semisimple, that is, if T p M decom- 
poses into 1-dimensional algebras, then this provides canonical coordi- 
nates Mi, ..., u n on (M, p) with -^- o ^- = Sij-^-. In fact, at points with 
semisimple multiplication the integrability condition (0.1) is equiva- 
lent to the existence of such canonical coordinates. In the hypersurface 
case, the decomposition of the germ (M, p) for some parameter p is the 
unique decomposition into a product of base spaces of semiuniversal 
unfoldings of the singularities above p. 

Another reason why (0.1) is natural is the relation to the poten- 
tiality of Frobenius manifolds. There exist F-manifolds such that not 
all tangent spaces are Frobenius algebras. They cannot be Frobenius 
manifolds. But if all tangent spaces are Frobenius algebras then the 
integrability condition (0.1) is related to a version of potentiality which 
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requires a metric on M which is multiplication invariant, but not nec- 
essarily flat. See chapter 5 for details. 

This allows a viewpoint on Frobenius manifolds which was already 
stressed in ||HM|| : In the construction of some Frobenius manifolds, e.g. 



in the hypersurface case, the multiplication comes first and is canon- 
ical, and the most difficult property of a metric is not multiplication 
invariance or potentiality, but flatness. 

The most important geometric object which is attributed to an n- 
dimensional manifold M with multiplication o on the tangent sheaf 
Tm and unit field e (with or without (0.1)) is the analytic spectrum 
L := Specan(T/v/) C T*M (see chapter 2). The projection n : L — > M is 
flat and finite of degree n. The fiber Tr~ l (p) C L above p G M consists 
of the characters of (T p M,o)\ they correspond 1-1 to the irreducible 
subalgebras of (T p M,o) (see Lemma 1.1). The multiplication on Tm 
can be recovered from L, because the map 

a:T M ^n*(D L , X^a(X)\ L (0.2) 

is an isomorphism of O^-algebras; here X is any lift of X to T*M and 
a is the canonical 1-form on T*M. The values of the function a(X) 
on tt~ 1 (p) are the eigenvalues of Xo : T P M — > T P M. 

The analytic spectrum L is a reduced variety iff the multiplication is 
generically semisimple. Then the manifold with multiplication (M, o, e) 
is called massive. Now, a third reason why the integrability condition 
(0.1) is natural is this: L C T*M is a Lagrange variety iff (M, o, e) is 
a massive F-manifold (Theorem 6.2). 

The main body of this paper is devoted to study germs of massive 
F-manifolds at points where the multiplication is not semisimple. 

We will make use of the theory of singular Lagrange varieties and 
their Lagrange maps, which has been worked out by Givental in [Gi2|. 



In fact, the notion of an irreducible germ (with respect to the de- 
composition above) of a massive F-manifold is equivalent to Givental's 
notion of a miniversal germ of a flat Lagrange map (Theorem 9.4). Via 
this equivalence Givental's paper contains many results on massive F- 
manifolds and will be extremely useful. 

Locally the canonical 1-form a on T*M can be integrated on the 
analytic spectrum L of a massive F-manifold (M, o, e) to a generating 
function F : L — > C which is continuous on L and holomorphic on 
L reg . It depends on a property of L, which is weaker than normality or 
maximality of the complex structure of L, whether F is holomorphic 
on L (see chapter 7). 
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If F is holomorphic on L then it corresponds via (0.2) to an Euler field 
E = a _1 (F) of weight 1, that is, a vector field on M with Lies(°) = ° 
(Theorem 6.3). 

In any case, a generating function F : L — ► C gives rise to a Lyashko- 
Looijenga map A : M — > C n (see chapters 8 and 10) and a discriminant 
V = ^(F-^O)) C M. 

If F is holomorphic and an Euler field E = a~ x (F) exists then the 
discriminant T> is the hypersurface of points where the multiplication 
with E is not invertible. Then it is a free divisor with logarithmic fields 
DerM(logl') = E o F M (Theorem 13.1). This generalizes a result of K. 
Saito for the hypersurface case. 

From the unit field e and a discriminant D C M one can reconstruct 
everything. One can read off the multiplication on TM in a very nice 
elementary way (Corollary 11.6): The e-orbit of a generic point p G M 
intersects T> in n points. One shifts the n tangent hyperplanes with the 
flow of e to T P M. Then there exist unique vectors ei(p), ..., e n {p) G T P M 
such that Y^i=i e i(p) = e G°) an d Y^=i ^ ' e «G°) = T P M and such that 
the subspaces ^ ,• C • e*(p), j = 1, ...,n, are the shifted hyperplanes. 
The multiplication on T p M is given by e$(p) o ej(p) = 5ijei(p). 

In the case of hypersurface singularities and boundary singularities, 
the classical discriminant in the base space of a semiuniversal unfolding 
is such a discriminant. The critical set C in the total space of the 
unfolding is canonically isomorphic to the analytic spectrum L; this 
isomorphism identifies the map a in (0.2) with a Kodaira-Spencer map 
a c : T M — > (ttc)*Oc and a generating function F : L — > C with 
the restriction of the unfolding function to the critical set C. This 
Kodaira-Spencer map a^ is the source of the multiplication on Tm in 
the hypersurface singularity case. The multiplication on Tm had been 
defined in this way first by K. Saito. 

Critical set and analytic spectrum are smooth in the hypersurface 
singularity case. By work of Arnold on Lagrange maps and singulari- 
ties a beautiful correspondence holds (Theorem 16.6): each irreducible 
germ of a massive F-manifold with smooth analytic spectrum comes 
from an isolated hypersurface singularity, and this singularity is unique 
up to stable right equivalence. 

By work of Nguyen huu Due and Nguyen tien Dai the same cor- 
respondence holds for boundary singularities and irreducible germs 
of massive F-manifolds whose analytic spectrum is isomorphic to 
(C" -1 ,0) x ({(#, y) G C 2 | xy = 0},0) with ordered components (The- 
orem 17.6). 

The complex orbit space M := C n /W = C n of an irreducible Cox- 
eter group W carries an (up to some rescaling) canonical structure of a 
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massive F-manifold: A generating system P 1; ..., P n of W- invariant ho- 
mogeneous polynomials induces coordinates t\, ...,t n on M. Precisely 
one polynomial, e.g. P±, has highest degree. The field -M- is up to a 
scalar independent of any choices. This field e := ■£- as unit field and 
the classical discriminant T> C M, the image of the reflection hyper- 
planes, determine in the elementary way described above the structure 
of a massive F-manifold. This follows from [Dul][[Du2| (Lecture 4) as 
well as from | |Gi2|| (Theorem 14). 

Dubrovin established the structure of a Frobenius manifold on the 
complex orbit space M = C n /W, with this multiplication, with K. 
Saito's flat metric on M, and with a canonical Euler field with positive 
weights (see Theorem 19.1). At the same place he conjectured that 
these Frobenius manifolds and products of them are (up to some well 
understood rescalings) the only massive Frobenius manifolds with an 
Euler field with positive weights. We will prove this conjecture (Theo- 
rem 19.3). 

Crucial for the proof is Givental's result ||Gi2|| (Theorem 14) . It char- 



acterizes the germs (M, 0) of F-manifolds of irreducible Coxeter groups 
by geometric properties (see Theorem 18.4). We obtain from it the fol- 
lowing intermediate result (Theorem 18.3): An irreducible germ (M,p) 
of a simple F-manifold such that T p M is a Frobenius algebra is isomor- 
phic to the germ at of the F-manifold of an irreducible Coxeter group. 

A massive F-manifold (M, o, e) is called simple if the germs (M,p), 
p G M, of F-manifolds are contained in finitely many isomorphism 
classes. Theorem 18.3 complements in a nice way the relation of 
irreducible Coxeter groups to the simple hypersurface singularities 
A n , D n , E n and the simple boundary singularities B n , C n , F4. 

In dimension 1 and 2, up to isomorphism all the irreducible germs of 
massive F-manifolds come from the irreducible Coxeter groups A\ and 
him) (m > 3) with J 2 (3) = A 2 , I 2 (4) = B 2 , I 2 (5) =: H 2 , J 2 (6) = G 2 . 
But already in dimension 3 the classification is vast (see chapter 20). 

This paper is organized as follows. In chapters 1-5 classical facts 
on finite dimensional algebras and the analytic spectrum are presented, 
as well as the definition of F-manifolds, the local decomposition and 
the relation to potentiality. In chapters 6-10 the Lagrange property 
of the analytic spectrum of a massive F-manifold and related objects 
as generating functions, Lyashko-Looijenga maps, and Euler fields are 
discussed. The chapters 11-15 contain a mixture of results on discrim- 
inants, 2-dimensional F-manifolds, logarithmic vector fields, modality 
for germs of F-manifolds and different embeddings of analytic spec- 
tra. The long final chapters 16 - 20 treat hypersurface singularities, 
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boundary singularities, finite Coxeter groups and 3-dimensional mas- 
sive F-manifolds. 



The starting point for this work was the common paper |HM|| with 
Yu. Manin, whose interest was very encouraging and helpful. I also 
want to thank E. Brieskorn, my teacher in singularity theory This 
paper builds on work of him, Arnold, Givental, Looijenga, Lyashko, K. 
Saito, O.P. Shcherbak, Teissier, and many others. The major part of 
this paper was written at the mathematics department of the University 
Paul Sabatier in Toulouse. I thank the department and especially J.-F. 
Mattei for their hospitality. 

1. Finite-dimensional algebras 

In this chapter (Q, o,e) is a C-algebra of finite dimension (> 1) 
with commutative and associative multiplication and with unit e. The 
next lemma gives precise information on the decomposition of Q into 
irreducible algebras. The statements are well known and elementary. 
They can be deduced directly in the given order or from more general 
results in commutative algebra. Algebra homomorphisms are always 
supposed to map the unit to the unit. 

Lemma 1.1. Let (Q, o, e) be as above. As the endomorphisms xo : 
Q — > Q, x G Q, commute, there is a unique simultaneous decomposition 
Q = ®k=\Qk into generalized eigenspaces Qk (with dimcQfc > 1/ 
Define e k G Q k by e = J2k=i e k- Then 

i) Qj o Q k = for j 7^ k; e k ^ 0; e, oe t = o~jk£k', &k is the unit of 
the algebra Qk = £k ° Q- 

ii) The function Xk : Q — > C which associates to x G Q the eigen- 
value of xo on Qk is an algebra homomorphism; \j ^ Xk for 

jj^k. / , , , 

Hi) (Qk, °> Cfc) is an irreducible and a local algebra with maximal 
ideal m^ = Q k fl ker(Afc). 

iv) The subsets ker(Afc) = m fc ®0., j ,Q ] ', k = 1, ..,/, are the maxi- 
mal ideals of the algebra Q; the complement Q — [j k ker(Afc) is the 
group of invertible elements ofQ. 

v) {Ai, ...,\i} = Komc- a lg(Q, C). 

vi) the localization Qker(A fe ) is isomorphic to Qk- 

We call this decomposition the eigenspace decomposition of (Q, o, e). 
The set L := {Ai, ..., A;} C Q* carries a natural complex structure Ol 
such that Ol{L) = Q and Ol,\ r — Qk- More details on this will be 
given in chapter 2. 
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The algebra (or its multiplication) is called semisimple if Q decom- 
poses into 1-dimensional subspaces, Q = © fe ™ Qk = ©fc=i ^ ' e fc- 

An irreducible algebra Q = C • e © m with maximal ideal m is a 
Gorenstein ring if the socle AmiQ(m) has dimension 1. 

An algebra Q = © fc=1 Qk is a Frobenius algebra if each irreducible 
subalgebra is a Gorenstein ring. 

The next (also wellknown) lemma gives equivalent conditions and 
additional information. We remark that this classical definition of a 
Frobenius algebra is slightly weaker than Dubrovin's: he calls an alge- 
bra (Q, o, e) together with a fixed bilinear form g as in Lemma 1.2 a) 
iii) a Frobenius algebra. 

Lemma 1.2. a) The following conditions are equivalent. 

i) (Q, o, e) is a Frobenius algebra. 

ii) Hom(Q, C) = Q as a Q-module. 

iii) There exists a bilinear form g : Q x Q — »■ C which is symmet- 
ric, nondegenerate and multiplication invariant, i.e. g(aob,c) = 
g(a,boc). 

b) Let Q = © fe=1 Qk be a Frobenius algebra and Qk = C • e& © m^. The 
generators o/Hom(Q, C) as a Q-module are the linear forms f : Q — > C 
with /(Anng fc (m fc )) = C for all k. 

One obtains a 1-1 correspondence between these linear forms and the 
bilinear forms g as in a) iii) by putting g(x, y) := f(x o y). 

Proof: a) Any of the conditions i), ii), iii) in a) is satisfied for Q iff 
it is satisfied for each irreducible subalgebra Qk- One checks this with 
Qj ° Qk = for j 7^ k. So we may suppose that Q is irreducible. 

i) <^=^ ii) A linear form / e Hom(Q, C) generates Hom(Q, C) as 
a Q-module iff the linear form (x h-> f(yox)) is nontrivial for any 
yeQ- {0}, that is, iff f(y o Q) = C for any y G Q - {0}. 

The socle Anng(m) is the set of the common eigenvectors of all 
endomorphisms xo : Q — * Q ) x G Q. If dimAnnQ(m) > 2 then for 
any linear form / an element y G (ker/ fl AnnQ(m)) — {0} satisfies 
y o Q = C ■ y and /(y o Q) = 0; so / does not generate Hom(Q, C). If 
dimAnnQ(m) = 1 then it is contained in any nontrivial ideal, because 
any such ideal contains a common eigenvector of all endomorphisms. 
The set y o Q for y G Q — {0} is an ideal. So, then a linear form / with 
/(AniiQ(m)) = C generates Hom(Q, C) as a Q-module. 

i) =^ iii) Choose any linear form / with /(Anng(m)) = C and define 
g by g(x,y) := f(x o y). It rests to show that g is nondegenerate. But 
for any x G Q — {0} there exists & y <E Q with C • x o y = AmiQ(m), 
because Anng(m) is contained in the ideal x o Q. 
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iii) =>- i) g(m, Anng(m)) = g(e, mo Anng(m)) = g(e, 0) = implies 
dimAmiQ(m) = 1. 

b) Starting with a bilinear form g, the corresponding linear form / is 
given by f(x) = g(x, e). The rest is clear form the preceding discussion. 
□ 

The semisimple algebra Q = ® fe ™ C ■ e*,. is a Frobenius algebra. 

A classical result is that the complete intersections 
C?c m ,o/(/i> •■•) fm) are Gorenstein. But these are not all, e.g. 
C{x, y, z}/(x 2 , y 2 ,xz,yz, xy — z 2 ) is Gorenstein, but not a complete 
intersection. 

Finally, in the next chapter vector bundles with multiplication will 
be considered. Condition ii) of Lemma 1.2 a) shows that there the 
points whose fibers are Frobenius algebras form an open set in the 
base. 

2. Vector bundles with multiplication 

Now we consider a holomorphic vector bundle Q — > M on a complex 
manifold M with multiplication on the fibers: The sheaf Q of holomor- 
phic sections of the bundle Q — > M is equipped with an Cjv/-bilinear 
commutative and associative multiplication o and with a global unit 
section e. 

The set M eM Kom c _ a i g (Q(p), C) of algebra homomorphisms from 
the single fibers Q{p) to C (which map the unit to 1 G C) is a subset 
of the dual bundle Q* and has a natural complex structure. It is the 
analytic spectrum Specan(Q). We sketch the definition ||Ho| (ch. 3): 

The (9 m -sheaf Sym^ Q can be identified with the O m -sheaf of holo- 
morphic functions on Q* which are polynomial in the fibers. The canon- 
ical (9 m -algebra homomorphism Sym c , m Q — > Q which maps the mul- 
tiplication in Sym e , m Q to the multiplication o in Q is surjective. The 
kernel generates an ideal X in Oq* . 

One can describe the ideal locally explicitly: suppose (JcMis open 
and Si, ..., S n G Q{U) is a base of sections of the restriction Q\u — > U 
with Si = e and Si o Sj = Ylik a ^k] denote by yi, ...,y n the fiberwise 
linear functions on Q*\U which are induced by Si, ..., S n ; then the ideal 
I is generated in Q*\U by 

3/1 — 1 and y^j - J^ a*y fe . (2.1) 

k 

The support of Oq* /I with the restriction of Oq* /I as structure sheaf 
is Specan(Q) C Q*. We denote the natural projections by ttq* : Q* -^ 
M and 7r : Specan(Q) — > M. A part of the following theorem is already 
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clear from the discussion. A complete proof and thorough discussion 
can be found in [jHofl (ch. 3). 



Theorem 2.1. The set (J eM H.omc-aig{Q(p), C) is the support of the 
analytic spectrum Specan(Q) =: L. The composition of maps 

a : Q -> {'Kq^Oq* -> tx,O l (2.2) 

is an isomorphism of Om -algebras and of free Om -modules of rank n, 
here n is the fiber dimension of Q — > M. The projection it : L — > M is 
finite and flat of degree n. 

Consider a point p G M with eigenspace decomposition Q(p) = 

®k=iQk{p) and L C) tt~ 1 (p) = {Ai, ..., Aj(p)}. The restriction of the 
isomorphism 

Kp) 
Q P ^(7r^) p = 00 L , Afc (2.3) 

fe=l 

to the fiber over p yields isomorphisms 

Q k {p) = LiXh ®a MtP £. (2.4) 

Corollary 2.2. In a sufficiently small neighborhood U of a point p G 
M, the eigenspace decomposition Q(p) = © fe =! Qk(p) of the fiber Q(p) 
extends uniquely to a decomposition of the bundle Q\u — > U into mul- 
tiplication invariant holomorphic subbundles. 

Proof of Corollary 2.2: The 0M, P -free submodules Oi,\ k in the 
decomposition in (2.3) of {ti*Ol) p are obviously multiplication invari- 
ant. Via the isomorphism a one obtains locally a decomposition of 
the sheaf Q of sections of Q — > M into multiplication invariant free 
0Af-submodules. □ 

Of course, the induced decomposition of Q(q) for a point q in the 
neighborhood of p may be coarser than the eigenspace decomposition 
of Q(q). 

The base is naturally stratified with respect to the numbers and 
dimensions of the components of the eigenspace decompositions of the 
fibers of Q — > M. To make this precise we introduce a partial ordering 
y on the set V of partitions of n: 

W 
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for P, 7 G V define 
/^ 7 :«=* 3a: {1, ...,Z( 7 )} - {1,.. .,/(/?)} s.t. ft = ^ 7i . 

The partition P(p) of a fiber Q(p) is the partition of n — dim Q(p) by 
the dimensions of the subspaces of the eigenspace decomposition. 

Proposition 2.3. Fix a partition (3 G V. The subset {p E M \ P(p) >- 
P} is empty or an analytic subset of M. 

Proof: The partition P(f) of a polynomial of degree n is the parti- 
tion of n by the multiplicity of the zeros of /. 

Fact: The space {a G C n | P(z n + J27=i a i zU ~ % ) ^ fl} ^ an algebraic 
subvariety ofC n with normalization isomorphic to C 1 ^. 

For the proof one has just to regard the finite map C n — ► C n , u i— > 
((— l)Vj(w))j = i v . jn (cj(w) is the i-th symmetric polynomial). 

A section X G Q(U), U C M open, induces via the coefficients of the 
characteristic polynomial p c h,Xo of multiplication by X a holomorphic 
map U — > C n . Hence the set {q E U \ P(p c h,xo) >~ P} is analytic. 
The intersection of such analytic sets for a basis of sections in U is 
{qeU \ P{q) y 13}. D 

We suppose that M is connected. Then there is a unique partition 
Po such that {p G M \ P(p) = Po} is open in M. The complement 
/C := {p G M | -P(p) 7^ /5o} will be called the caustic in M; this name is 
motivated by the Lagrange maps (chapters 6, 8, 9) and the hypersurface 
singularities (chapter 16). The multiplication is generically semisimple 
iff /3 = (1,---,1). 

Proposition 2.4. If the multiplication is generically semisimple then 
the caustic /C is a hypersurface or empty. 

Proof: Suppose dim(/C,p) < dimM — 2 for some point p G K,. Then 
in a neighborhood U the complement U — JCis simply connected. There 
is no monodromy for the locally defined idempotent sections ei,...,e n 
on U — /C. They are sections on U — K, and extend to a basis of sections 
on U, with multiplication e^ o e, = 5„ej. Hence /C D C/ = 0. D 

3. Definition of F-manifolds 

An F-manifold is a manifold M with a multiplication on the tangent 
bundle TM which harmonizes with the Lie bracket in the most natural 
way. A neat formulation of this property requires the Lie derivative of 
tensors. 
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Remark 3.1. Here the sheaf of (k, I) -tensors (k,l G No) on 
a manifold M is the sheaf of 0M-module homomorphisms 
Hom OM (0ti r M,(8)J = iT M ). A (0,Z)-tensor T : O m -► (g>Li^ can 
be identified with T(l). Vector fields are (0, l)-tensors, a (commuta- 
tive) multiplication on T M is a (symmetric) (2, l)-tensor. 

The Lie derivative Lie^ with respect to a vector field X is an Om~ 
derivation on the sheaf of (k, Z)-tensors. It is Liex(f) — X(f) for 
functions /, Liex(Y) = [X,Y] for vector fields Y, Liex{Yi ® ... ® 
*5) = Ei^i ® ~[X,Yi\.. ® F; for (0, /)-tensors, and (Lie* T)(Y) = 
Liex(T'(Y')) — T(LiexQO) f° r (&, 0-tensors ^- One can always write 
it explicitly with Lie brackets. Because of the Jacobi identity the Lie 
derivative satisfies Lierx,yi = [Liex,Liey]. 

Definition 3.2. a) An F-manifold is a triple (M, o, e) where M is a 
complex connected manifold of dimension > 1, o is a commutative and 
associative OM-bilinear multiplication Tm x Tm — > I'm, e is a global 
unit field, and the multiplication satisfies for any two local vector fields 
X,Y 

Liex y(°) = X o Liey(o) + Y o Liex(°) • (3.1) 

b) Let (M, o, e) be an F-manifold. An Euler field E of weight d G C is 
a global vector field E which satisfies 

Lie B (o) = d ■ o . (3.2) 

Remarks 3.3. i) We do not require that the algebras (T p M,o,e(p)) 
are Frobenius algebras (cf. chapter 1). Nevertheless, this is a distin- 
guished class. Frobenius manifolds are F-manifolds ||HM| | |Man|j (L5). 
This will be discussed in chapter 5. 

ii) Definition 3.2 differs slightly from the definition of F-manifolds 
in [|HM|| by the addition of a global unit field e. This unit field is im- 
portant, for example, for the definition of Specan(T/i//)- Also, the Euler 
fields were called weak Euler fields in |HM|| in order to separate them 



from the Euler fields with stronger properties of Frobenius manifolds. 
This is not necessary here. 

iii) (3.1) is equivalent to 

[X oY, Z oW] - [X oY, Z] oW - [X oY,W] o Z 
-X o [Y, Z o W] + X o [Y, Z] o W + X o [Y, W] o Z (3.3) 

-Y o[X,ZoW} + Yo[X,Z}oW + Yo[X,W}oZ = 
for any four (local) vector fields X, Y, Z, W. (3.2) is equivalent to 

[E, X o Y] - [E, X] o Y - X o [E, Y] - d ■ X o Y = (3.4) 
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for any two (local) vector fields X, Y. The left hand sides of (3.3) and 
(3.4) are Oju^polylinear with respect to X, Y, Z, W resp. X, Y. Hence 
they define a (4,1)- resp. (2, l)-tensor. In order to check (3.1) and 
(3.2) for a manifold with multiplication, it suffices to check (3.3) and 
(3.4) for a basis of vector fields. 

iv) The unit field e in an F- manifold (M, o, e) plays a distinguished 
role. It is automatically nowhere vanishing. It is an Euler field of 
weight 0, 

Lie e (o) = • o , (3.5) 

because of (3.1) for X = Y = e. So, the multiplication of the F- 
manifold is constant along the unit field. 

v) An Euler field E of weight d ^ is not constant along the unit 
field. But one has for any d G C 

[e,E]=d-e, (3.6) 



because of (3.4) for X = Y = e. More generally, in |[HM||||Man|l (I.5) the 
identity 

[E on , E om ] = d(m - n) ■ E< m+n ~^ (3.7) 

is proved. Chapter 6 will show how intrinsic the notion of an Euler 
field is for an F-manifold. 

vi) The sheaf of Euler fields of an F-manifold (M, o, e) is a Lie sub- 
algebra of T M . If Ei and E 2 are Euler fields of weight di and d 2 , then 
c - Ei (c G C) is an Euler field of weight c ■ d 1 , E x + E 2 is an Euler 
field of weight di + d 2 , and [Ei, E 2 ] is an Euler field of weight 0. The 
last holds because of Lie^^y = [Lie^, Lie^ 2 ] (cf. Remark 3.1 and 
HMH panB (I.5)). 



vii) The caustic /C of an F-manifold is the subvariety of points p G M 
such that the eigenspace decomposition of T P M has fewer components 
than for generic points (cf. chapter 2). The caustic is invariant with 
respect to e because of (3.5). 

4. Decomposition of F-manifolds and examples 

Proposition 4.1. The product of two F-manifolds (Mi,o 1; ei) and 
(M 2 , o 2 , e 2 ) is an F-manifold (M, o, e) = (Mi x M 2 , o x © o 2 , e x + e 2 ). 

// Ei and E 2 are Euler fields on Mi and M 2 of the same weight d 
then the sum Ei + E 2 (of the lifts to M) is an Euler field of weight d 
on M. 
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Proof: T M = O m ■ pr^T Ml © O m • pr 2 x T M2 . Vector fields X h Y t G 
pr~ x T Mi , i = 1,2, satisfy 

X lO F 2 = 0, [X 1 ,F 2 ] = 0. 

This together with (3.3) for vector fields in Tm 1 and for vector fields in 
Tm 2 gives (3.3) for vector fields in pr^ 1 TM 1 U pt 2 1 Tm 2 - Because of the 
C*M~polylinearity then (3.3) holds for all vector fields. For the same 
reasons, E 1 + E 2 satisfies (3.4). □ 

Theorem 4.2. Let (M,p) be the germ in p G M of an F-manifold 
(M,o,e). 

Then the eigenspace decomposition T P M = Q) k=1 (T p M) k of the al- 
gebra T P M extends to a unique decomposition 

i 
(M,p) = l[(M k ,p) 
fe=i 

of the germ (M,p) into a product of germs of F -manifolds. These germs 
(M k ,p) are irreducible germs of F -manifolds, as already the algebras 
T p Mk = (T p M) k are irreducible. 

An Euler field E on (M,p) decomposes into a sum of Euler fields of 
the same weights on the germs (M k ,p) of F -manifolds. 

Proof: By Corollary 2.2 the eigenspace decomposition of T p M ex- 
tends in some neighborhood of p to a decomposition of the tangent 
bundle into a sum of multiplication invariant subbundles. First we have 
to show that these subbundles and any sum of them are integrable. 

Let Tm, p = ©fc = i(7M,p)fc be the according decomposition of Tm, p into 
multiplication invariant free 0M, P -submodules, and e = Ylk e k with 
e k G {T M , P )k- Then e k o : T M , p -> (T M , p ) k is the projection; e,- o e k = 

Ojk e k- 

Claim: 

i) Lie e fc (°) =0-o ; 

ii) [ej,e k ] = ; 
iii) [ej, (^M,p)fc] C {T MjP ) k ; 
iv) [(1m,p)j, \^M,p)k] C (T MjP )j + (T MjP ) k . 

Proof of the claim: i) 

S jk ■ Lie efc (o) = Lie ej . oefc (o) = ej o Lie efc (o) + e k o Lie ej (o) . 

This implies for j ^ k as well as for j = k that ej o Lie efc (o) = ■ o . 
Thus Lie efc (o) = • o . 
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ii) = Lie ej .(o)(e fe ,e fe ) = [ej,e k o e k ] - 2e k o [ej,e k ], hence [ej,e k ] G 
{^M,p)k, so for j ^ fc we have [e^, e^] = 0, for j = k anyway. 

iii) Suppose X = e k o X G {T M , p ) k \ then = Lie e3 (o)(e fc ,X) = 
[ej,X] -e k o [ej,X]. 

iv) Suppose X G {Tm, p )j, Y G (T M>p ) k , k ^ i ^ j; then e, o X = 
and 

= Lie eiOX (o)( ei , Y) = e { o Lie x (o)(e i? Y) 
= e t o [X, ej o Y] - ei o [X, e { ] o Y - e t o [X, Y] o e { 
= -e t o[X,Y]. ( D) 

Claim iv) shows that for any k the subbundle with germs of sections 
• ^ k (lM, p )j is integrable. According to the Frobenius theorem there 
is a (germ of a) submersion f k : (M,p) — > (C dim(TpM ) fe , 0) such that 
the fibers are the integral manifolds of this subbundle. Then @ fc f k : 
(M,p) — > (C dimM ,0) is an isomorphism. 

The submanifolds (M k ,p) := ((©,j fe /j) _1 (0),p) yield the decompo- 
sition (M,p) = U l k =i(M k ,p) with 

Tm, p = ^j3 ® M ,P ' P r k 1~M k ,p = X^j{T~M,p)k ■ 
k k 

Claim: 

v) X o Y G pr^T Mk , P if X, Y G pr^T MhJ> . 

vi) e k o E G pr k 1 lM k ,p if E is an Euler field. 

Proof of the claim: v) X o y G 0m, p • W k 1 T MkP because this is 
multiplication invariant. Now X oY E pr~ k 1 TM k , p is true if and only if 
[Z, X oY] E (T M>P )j for any j and any Z G (T M , p )j\ but 

[Z,XoY] = Ue z (XoY) = Ue ejoZ (XoY) 
= ej o Lie z (X o y) g {Tm, v )j ■ 
vi) Analogously, for any Z G (Tm, p )j 

-[Z,e k oE] 
= Lie ekoE (ej o Z) 

= Lie efco£ (o)(e i , Z) + Lie efc0jB (e i ) o Z + \Ae ekoE (Z) o ej 
= e k o ej o Z + Lie efco£ (e i ) o Z + Lie ekoE (Z) o ej G {Tm, p )j ■ 

( □) 

Claim v) and vi) show that the multiplication on (M, p) and an Euler 
field E come from multiplication and vector fields on the submanifolds 
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(Mj.,p) via the decomposition. These satisfy (3.3) and (3.4): this is 
just the restriction of (3.3) and (3.4) to pr^ 1 T MktP . □ 

Examples 4.3. i) M — C with coordinate u and unit field e = J^ with 
multiplication e o e = e is an F-manifold. The field E = u ■ e = u-^ is 
an Euler field of weight 1. The space of all Euler fields of weight d is 
d ■ E + C • e. One has just to check (3.3) and (3.4) for X = Y = Z = 
W = e and compare (3.6). 

Any 1-dimensional F-manifold is locally isomorphic to an open subset 
of this F-manifold (C, o, e). It will be called A\. 

ii) From i) and Proposition 4.1 one obtains the F-manifold A™ = 
(C n , o, e) with coordinates u\, ..., u n , idempotent vector fields e* = ^-, 
semisimple multiplication e^ o ej = Sijei, unit field e = J2i e i an d an 
Euler field E = J2i u i ' e * °f weight 1. Because of Theorem 4.2, the 
space of Euler fields of weight d is d ■ E + £\ C • e». 

Also because of Theorem 4.2, any F-manifold M with semisimple 
multiplication is locally isomorphic to an open subset of the F-manifold 
A™. The induced local coordinates Ui,...,u n on M are unique up to 
renumbering and shift. They are called canonical coordinates, following 
Dubrovin. They are the eigenvalues of a locally defined Euler field of 
weight 1. 

iii) Any complex Frobenius manifold is an F-manifold 
|M Pail (1.5). 



iv) Especially, the complex orbit space of a finite Coxeter group 
carries the structure of a Frobenius manifold |Dul| Pu2| (Lecture 4). 



The F-manifold structure will be discussed in chapter 18, the Frobenius 
manifold structure in chapter 19. Here we only give the multiplication 
and the Euler fields for the 2-dimensional F- manifolds I^iw), m > 2, 
with 7 2 (2) = Al 7 2 (3) = A 2 , 7 2 (4) = B 2 = C 2 , 7 2 (5) =: 77 2 , 7 2 (6) = C7 2 . 

The manifold is M = C 2 with coordinates ti,t 2 ; we denote Si := -M-. 
Unit field e and multiplication o are given by e = 5\ and 5 2 o <5 2 = 
t™~ 2 -Si. An Euler field E of weight 1 is E = trfi + ^t 2 S 2 . The 
space of global Euler fields of weight d is d ■ E + C • e for m > 3. The 
caustic is fC = {t G M \ t 2 = 0} for m > 3 and /C = for m = 2. 
The multiplication is semisimple outside of /C; the germ (M,t) is an 
irreducible germ of an F-manifold iff t G AC. One can check all of this 
by hand. We will come back to it in Theorem 12.1, when more general 
results allow more insight. 

v) Another 2-dimensional F-manifold is C 2 with coordinates ti,t 2 , 
unit field e = 5\ and multiplication o given by 5 2 o 5 2 = 0. Here all 
germs (M, t) are irreducible and isomorphic. E\ := t\8\ is an Euler field 
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of weight 1. Contrary to the cases above with generically semisimple 
multiplication, here the space of Euler fields of weight is infinite 
dimensional, by (3.4): 

{E | Lie s (o) = • o} 
= {E\ [8i,E] = 0, 5 2 o[8 2 ,E] = 0} (4.1) 

= {eiSi + e 2 (t 2 )5 2 | e x e C, e 2 e O^C 2 ), 8 x {e 2 ) = 0} . 

vi) The base space of a semiuniversal unfolding of an isolated hyper- 
surface singularity is (a germ of) an F-manifold. The multiplication 
was defined first by K. Saito |[SaK4j| (1.5) |[SaK5|| (1.3). A good part of 
the geometry of F-manifolds that will be developed in the next chap- 
ters is classical in the case of hypersurface singularities, from different 
points of view. We will discuss this in chapter 16. 

vii) Also the base of a semiuniversal unfolding of a boundary sin- 
gularity is (a germ of) an F-manifold, compare chapter 17. There 
are certainly more classes of semiuniversal unfoldings which carry the 
structure of F-manifolds. 

5. F-MANIFOLDS AND POTENTIALITY 

The integrability condition (3.1) for the multiplication in F-manifolds 
and the potentiality condition in Frobenius manifolds are closely re- 
lated. For semisimple multiplication this has been known previously 
(with 6.2 i) •<=>- ii) and e.g. |[Hi|| (Theorem 3.1)). Here we give a general 



version, requiring neither semisimple multiplication nor flatness of the 
metric. 

Remark 5.1. Let M be a manifold with a connection V. The covari- 
ant derivative VjT of a (k, Z)-tensor with respect to a vector field is 
defined exactly as the Lie derivative LiexT in Remark 3.1., starting 
with the covariant derivatives of vector fields. Vx is a 0M-derivation 
on the sheaf of (k, /)-tensors just as Liex- But Vx is also C^M-linear in 
X, opposite to Liex- Therefore VT is a (k + 1, /)-tensor. 

Theorem 5.2. Let (M, o, V) be a manifold M with a commutative and 
associative multiplication o on TM and with a torsion free connection 
V. By definition, V o (X, Y, Z) is symmetric in Y and Z . 

If the (3, 1) -tensor Vo is symmetric in all three arguments, then the 
multiplication satisfies for any local vector fields X and Y 

Liex y( ) = X o Liey(o) + Y o Liex(°) • (5.1) 
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Proof: V o (X, Y, Z) = V X {Y o Z) - V X (Y) o Z - Y o V X (Z) is 
symmetric in Y and Z. The (4, l)-tensor 

(X,Y,Z,W) 
i-> V o (X, Y o Z, W) + W o V o (X, Y, Z) 
= Vx(YoZoW)-V x (Y)oZoW (5.2) 

-Y o V X (Z) oW -YoZo V X (W) 

is symmetric in Y, Z, W. A simple calculation using the torsion freeness 
of V shows 

(Lie Xoy (o) - X o Lie y (o) -Y o Lie x (o))(Z, W) (5.3) 

= V o (X o Y, Z, W) - X o V o (Y, Z, W) - Y o V o (X, Z, W) 
- V o (Z o W, X, Y ) + Z o V o (W, X, Y) + W o V o (Z, X, Y) . 

If Vo is symmetric in all three arguments then 

V o (X o Y, Z, W) + Z o V o (W, X, Y) + W o V o (Z, X, Y) (5.4) 

is symmetric in X, Y, Z, W because of the symmetry of the tensor in 
(5.2). Then the right hand side of (5.3) vanishes. □ 

Theorem 5.3. Let (M, o,e,g) be a manifold with a commutative and 
associative multiplication o on TM , a unit field e, and a metric g (a 
symmetric nondegenerate bilinear form) onTM which is multiplication 
invariant, i.e. the (3,0) -tensor A, 

A(X,Y,Z):=g(X,YoZ) , (5.5) 

is symmetric in all three arguments. V denotes the Levi-Civita con- 
nection of the metric. The coidentity e is the 1-form which is defined 
by e(X) = g(X, e). The following conditions are equivalent: 

i) (M, o, e) is an F-manifold and e is closed. 

ii) The (4, 0) -tensor V A is symmetric in all four arguments. 

Hi) The (3, 1) -tensor Vo is symmetric in all three arguments. 

Proof: The Levi-Civita connection satisfies Vg = 0. Therefore 

VA(X, Y, Z, W) 
= Xg(Y,ZoW)-g(V x YZoW) 

-g(Y, W o V X Z) - g(Y, Z o V X W) (5.6) 

= g{Y ) V x {ZoW)-W oV x Z -ZoVxW) 
= g(Y,Vo(X,Z,W)). 

g is nondegenerate and VA(X, Y, Z, W) is always symmetric in Y, Z, W. 
Equation (5.6) shows ii) <^=^> Hi). Because of Vg = and the torsion 
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freeness VxF — VyX = [X, Y], the 1-form e satisfies 

de(X,Y) = X(e(Y))-Y(e(X))-e([X,Y}) 

= g(Y,V x e)-g(X,V Y e) (5.7) 

= -VA(X, Y, e, e) + VA(Y, X, e, e) . 

Hence ii) =^ de = 0; with Theorem 5.2 this gives ii) =$■ i). It rests to 
show i) =>- ii). 

(5.8) and (5.9) follow from the definition of Vo and from (5.6), 

V o (X, Y, e) = Y o V o (X, e, e) , (5.8) 

VA(X, U, Y, e) = VA(X, U o Y, e, e) . (5.9) 

One calculates with (5.3) and (5.6) 

g(e, (Lie Xor (o) - X o Lie y (o) - Y o Lie x (o))(Z, W)) (5.10) 
= VA{X o Y, e, Z, W) - VA(Y, X, Z, W) - VA(X, Y, Z, W) 
- VA(Z o W, e, X, Y) + VA(W, Z, X, Y) + VA(Z, W, X, Y) . 

If?) holds then (5.7), (5.9), and (5.10) imply 

VA(Y, X, Z, W) - VA(W, Z, X, Y) 
= - VA(X, Y, Z, W) + VA(Z, W, X, Y) . (5.11) 

The left hand side is symmetric in X and Z, the right hand side is 
skewsymmetric in X and Z, so both sides vanish. VA is symmetric in 
all four arguments. □ 

Lemma 5.4. Let (M,g,W) be a manifold with metric g and Levi- 
Civita connection V. Then a vector field Z is flat, i.e. VZ = 0, 
iffLiez(g) = and the 1-form ez '■= g{Z, .) is closed. 

Proof: V is torsion free and satisfies Vg = 0. Therefore (cf. (5.7)) 

de z (X,Y) = g(Y,V x Z)-g(X,V Y Z) , (5.12) 

Ue z (g)(X,Y) = g(Y,V x Z) + g(X,V Y Z) . (5.13) 

□ 

Remarks 5.5. a) Let (M, o,e, g) satisfy the hypotheses of Theorem 
5.3 and let g be flat. Then condition ii) in Theorem 5.3 is equivalent 
to the existence of a local potential $ G Om, p (for any p G M) with 
[XYZ)§ = A(X, Y, Z) for any flat local vector fields X, Y, Z. 

b) In view of this the conditions ii) and Hi) in Theorem 5.3 are called 
potentiality conditions. 

c) (M, o, e, E, g) is a Frobenius manifold if it satisfies the hypotheses 
and conditions in Theorem 5.3, if g is flat, if Lie e (g) = (resp. e is flat), 
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and if E is an Euler field (with respect to M as F-manifold, preferably 
of weight 1), with Lies(<?) = D ■ g for some D G C 

6. Lagrange property of massive F-manifolds 

Consider an n-dimensional manifold (M, o, e) with commutative and 
associative multiplication on the tangent bundle and with unit field e. 
Its analytic spectrum L := Specan(TA/) is a subvariety of the cotangent 
bundle T*M. The cotangent bundle carries a natural symplectic struc- 
ture, given by the 2-form da. Here a is the canonical 1-form, which is 
written as a = ^YlnVidti in local coordinates t\,...,t n for the base and 
dual coordinates y±, ...,y n for the fibers (7m — > (ttt*m)*Ot*m, ■§£ >— ► 

Vi)- 

The isomorphism a : 7a/ — ► tt*Ol from (2.2) can be expressed with 
a by 

sl(X) = a(X)\ L , (6.1) 

where X e 7a/ and X is any lift of X to a neighborhood of L in T*M. 
The values of the function a(X) on 7r _1 (p) are the eigenvalues of Xo 
on T p M; this follows from Theorem 2.1 and Lemma 1.1. 

Definition 6.1. A manifold (M, o, e) with commutative and associa- 
tive multiplication on the tangent bundle and with unit field e is mas- 
sive if the multiplication is generically semisimple. 

Then the set of points where the multiplication is not semisimple is 
empty or a hypersurface, the caustic /C (Proposition 2.4). In the rest 
of the paper we will study the local structure of massive F-manifolds 
at points where the multiplication is not semisimple. 

It is known that the analytic spectrum of a massive Frobenius man- 
ifold is Lagrange (compare [|Au|| and the references cited there). The- 
orem 6.2 together with Theorem 5.3 makes the relations between the 
different conditions transparent. 

Theorem 6.2. Let (M, o, e) be a massive n-dimensional manifold M. 
The analytic spectrum L = Specan(7M) C T*M is an everywhere 
reduced subvariety. The map n : L —>■ M is finite and flat. It is 
a branched covering of degree n, branched above the caustic /C. The 
following conditions are equivalent. 

i) (M, o, e) is a massive F-manifold; 

ii) At any semisimple point p G M — K,, the idempotent vector fields 
ei, ..., e n G Tm,p commute. 
Hi) L C T*M is a Lagrange variety, i.e. a\L reg is closed. 
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Proof: L - 7T -1 (£) is smooth, n : L - 7r _1 (£) -> M - K is a 
covering. ti^Ol (— Tjw) is a free Cju^rnodule, so a Cohen-Macaulay 
Oj\/-module and a Cohen-Macaulay ring. Then L is Cohen-Macaulay 
and everywhere reduced, as it is reduced at generic points (cf. ||Lo2|| 
pp 49-51). 

It rests to show the equivalences i) -<=>- ii) •<==>■ iii). 

i) =>- ii) follows from Theorem 4.2 and has been discussed in Example 
4.3 ii). 

ii) =>- i) is clear because (3.4) holds everywhere if it holds at generic 
points (in fact, one point suffices). 

ii) => iii) We fix canonical coordinates Ui with ^- = ej on (M,p) 
for a point p G M — K, and the dual coordinates Xj on the fibers of 
the contangent bundle (7m — > (tct*m)*Ot*m, e% | — > %i)- Then locally 
above (M, p) the analytic spectrum L is in these coordinates 

OijXjj 



{{Xj,Uj) | Xi + . 


•• T X n - 


— 1, X{Xj 


n 

\J{(Xj,Uj) | Xj 


= Sij} . 





(6.2) 

The 1-form a = ^Xidui is closed in L — 7r _1 (/C). This is open and 
dense in L reg , hence L is a Lagrange variety. 

iii) =>■ ii) Above a small neighborhood U of p G M — K, the analytic 
spectrum consists of n smooth components L&, fc = 1, ...,n, with 7r : 
Lfc ^^ C/. An idempotent vector field e« can be lifted to vector fields 
Ci in neighborhoods £4 of L^ in T*M such that they are tangent to all 
Lfc. The commutator [e$, e}] is a lift of the commutator [e», e,] in these 
neighborhoods C4- 

a ([ e i> e i]k) = UW^'^W^* 
it 

= \J(eH<x(ej)) ~ ej (<*(£)) - cfo(e~, e~)) | Lfe 

k 

= \J(ei\L h (S jk ) - 6^(8^) - dalL^eilL^ejl^)) =0 . 
k 

But a : Tm —* it*Ol is an isomorphism, so [e*, e,-] = D 

Theorem 6.3. oj Let (M, o, e) 6e a massive F-manifold. 
A vector field E is an Euler field of weight c G C iff 

d(a(E))\L reg = c ■ a\L reg . (6.3) 

b) Let (M,p) = rT*. = i(Mfc,p) be the decomposition of the germ of a 
massive F-manifold into irreducible germs of F -manifolds (M fc ,o,efc). 
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i) The space of (germs of) Euler fields of weight for (M,p) is the 
abelian Lie algebra J2 k=1 C • e&. 

ii) There is a unique continuous function F : (L, 7r -1 (p)) — > (C, 0) on 
the multigerm (L,ir~ l (p)) which has value on TT~ 1 (p), is holomorphic 
on L reg and satisfies (dF)\L reg = a\L reg . 

Hi) An Euler field of weight c^O for (M, p) exists iff this function 
F is holomorphic. In that case, c ■ &~ l (F) is an Euler field of weight 

c and C ■ a.~ 1 (F) + ^2k=i ^ ' efc ^ s ^ e ^ e a ^9 e ^ ra °f a ^ Euler fields on 
the germ (M,p). 

Proof: a) It is sufficient to prove this locally for a germ (M,p) 
with p G M — K. This germ is isomorphic to A\. A vector field 
E = Y^h=i £ie ^ £i e ®M,p, is an Euler field of weight c iff cfej = c • dui 
(Theorem 4.2 and Example 4.3 ii)). 

Going into the proof of 6.2 ii) =>- iii), one sees that this is equivalent 
to (6.3). 

b) The multigerm (L, tt~ 1 (p)) has I components, the space of locally 
constant functions on it has dimension /. The function (multigerm) 
F exists because ct\L reg is closed. This will be explained in the next 
chapter (Lemma 7.1). All statements follow now with a). □ 

7. Existence of Euler fields 

By Theorem 6.2, the analytic spectrum (L, A) of an irreducible germ 
(M,p) of a massive F-manifold is a germ of an (often singular) La- 
grangian variety, and (L, A) ^ (T*M, A) — > (M,p) is a germ of a 
Lagrangian map. The paper |Gi2|| of Givental is devoted to such ob- 



jects. It contains implicitly many results on massive F-manifolds. It 
will be extremely useful and often cited in the following. 

The question when a germ of a massive F-manifold has an Euler field 
of weight 1 is reduced by Theorem 6.3 b)iii) to the question when the 
function germ F there is holomorphic. Partial answers are given in 
Corollary 7.5 and Lemma 7.6. We start with a more general situation, 
as in [ |Gi2| j (chapter 1.1). 

Let (L, 0) C (C^, 0) be a reduced complex space germ. Statements 
on germs will often be formulated using representatives, but they are 
welldefined for the germs, e.g. n a\h rag is closed" for a G Q^ N Q . 

Lemma 7.1. Let a G Q^ N be closed on L reg . Then there exists a 
unique function germ F : (L, 0) — > (C, 0) which is holomorphic on 
L reg , continuous on L and satisfies dF\L re = a\i re . 

Proof: (L, 0) is homeomorphic to a cone as it admits a Whitney 
stratification. One can integrate a along paths corresponding to such 
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a cone structure, starting from 0. One obtains a continuous function F 
on L, which is holomorphic on L reg because of da\i re = and which 
satisfies dF\L reg = a|i re9 - The unicity of F with value F(0) = is 
clear. □ 

Which germs (L, 0) have the property that all such function germs 
are holomorphic on (L, 0)? This property has not been studied much. 
It can be seen in a line with normality and maximality of complex 
structures and is weaker than maximality. 

It can be rephrased as HQ iv ((L,0)) = 0. Here H^ iv ((L,0)) is the 
cohomology of the de Rham complex 

(Q* cNfi /{uj e ft* C N fi I u\ Lreg = 0},d) , (7.1) 

which is considered in | |Gi2|| (chapter 1.1). We state some known results 
on this cohomology. 



Theorem 7.2. a) (Poincare-Lemma, [|Gi2|| (chapter 1.1)) If (L, 0) is 
weighted homogeneous with positive weights then HQ iv ((L,0)) = 0. 

b) ( ||Va|| ) Suppose that (L,0) is a germ of a hypersurface with an iso- 
lated singularity, (L, 0) = {f- l {0),0) C (C n+1 ,0) and f : (C n+1 ,0) -^ 
(C, 0) is a holomorphic function with an isolated singularity. Then 

dimfl3 to ((L,0))= A i-T (7.2) 

Of df 

= dim C C "+ 1 ,o/(^— ) - dim C C "+ 1 ,o/(/, ^— ) • 

cj (essentially Varchenko and Givental, ||Gi2j| (chapter 1.2)) Let (L, 0) 
be as in b) with /i-r^fl. The class [rj\ G Hg, iv ((L, 0)) ofr]E f^ n+1 
is noi vanishing if dr\ is a volume form, i.e. dr] = hdxQ...dx n with 
h(0) ^ 0. 

Remarks 7.3. i) The proofs of b) and c) use the GauB-Manin con- 
nection for isolated hypersurface singularities. 

ii) c) was formulated in | |Gi2| | (chapter 1.2) only for n — 1. The 
missing piece for the proof for all n was the following fact, which was 
at that time only known for n — 1: The exponent of a form hdxo...dx n 
is the minimal exponent iff h(0) ^ 0. 

This fact has been established by M. Saito ||SaM]| (3.11) for all n. 



iii) By a result of K. Saito |(SaKT|| , an isolated hypersurface singu- 
larity (£,0) = (/ _1 (0),0) C (C n+1 ,0) is weighted homogeneous (with 
positive weights) iff /x — r = 0. 

iv) For us only the case n = 1 in Theorem 7.2 b)+c) is relevant. 
Proposition 7.4, which is also due to Givental, implies the following: 
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Of all isolated hypersurface singularities (L,0) = (/ _1 (0),0) C 
(C n+1 ,0) only the curve singularities (n = 1) turn up as germs of 
Lagrange varieties. These are, of course, germs of Lagrange varieties 
with respect to any volume form on (C 2 , 0). 

v) If (L, 0) C ((S, 0), to) is the germ of a Lagrange variety in a sym- 
plectic space S with symplectic form u>, then the class [a] G HQ iv ((L, 0)) 
of some a with da = u is independent of the choice of a. It is called 
the characteristic class of (£,0) C ((S,0),u). 

vi) Givental made the conjecture ||Gi2| | (chapter 1.2): Let (L, 0) be an 
n- dimensional Lagrange germ. If HQ iv ((L, 0)) ^ then HQ iv ((L,0)) ^ 
and the characteristic class [a] G HQ iv ((L,0)) is nonzero. 

It is true for n = 1 because of Theorem 7.2 and Remark 7.3 iii). 
Givental sees the conjecture in analogy with a conjecture of Arnold 
which was proved by Gromov 1985 (cf. ||Gi2| (chapter 1.2)): any real 



closed Lagrange manifold L C T*R n has nonvanishing characteristic 
class [a] G H\L,R). 

Proposition 7.4. ( ||Gi2|| (chapter 1.1)) An n- dimensional germ (L, 0) 
of a Lagrange variety with embedding dimension embdim (L, 0) = 
n + k is a product of a k-dimensional Lagrange germ (L 1 ', 0) with 
embdim (L', 0) = 2k and a smooth (n — k)- dimensional Lagrange germ 
(L",0); here the decomposition of(L,0) corresponds to a decomposition 

((S,0),u)^((S',0),u')x((S",0),u") (7.3) 

of the symplectic space germ (S, 0) D (L, 0). 

Proof: If k < n then a holomorphic function f on S exists with 
smooth fiber / _1 (0) D L. The Hamilton flow of this function / respects 
L and the fibers of /. The spaces of orbits in / _1 (0) and L give a 
symplectic space germ of dimension In — 2 and in it a Lagrange germ 
(e.g. jAUVj 18.2). 



To obtain a decomposition as in (7.3) one chooses a germ (£, 0) C 
(S, 0) of a In — 1-dimensional submanifold S in S which is transversal 
to the Hamilton field Hf of /. There is a unique section v in (TS)\y, 
with u(Hf,v) = 1 and u>(TpE, v) = for p G E. The shift v of v 
with the Hamilton flow of / forms together with Hf a 2-dimensional 
integrable distribution on S, because of = Lie^ / (w) = [Hf,v\. 

This distribution is everywhere complementary and orthogonal to the 
integrable distribution whose integral manifolds are the intersections of 
the fibers of / with the shifts of E by the Hamilton flow of /. This 
yields a decomposition (S,0) = (C 2 ,0) x (E n f-\0),0). One can 
check that the symplectic form decomposes as required. If k < n — 1 
one repeats this process. □ 
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Corollary 7.5. a) Let (L, 0) be an n- dimensional Lagrange germ iso- 
morphic to (L', 0) x (C n_1 , 0) as complex space germ. Then (Z/, 0) is a 
plane curve singularity. The characteristic class [a] G HQ iv ((L,0)) is 
vanishing iff (L', 0) is weighted homogeneous. 

b) Let (L, A) C (T*M, A) be the analytic spectrum of an irreducible 
germ (M,p) of a massive F-manifold. Suppose (L,X) = (L',0) x 
(C n_1 ,0). Then there exists an Euler field of weight 1 on (M,p) iff 
(Z/, 0) is weighted homogeneous. 

Proof: a) Proposition 7.4, Theorem 7.2, and Remark 7.3 iii). 

b) Part a) and Theorem 6.3 b)iii). □ 

In Proposition 20.1 for any plane curve singularity (Z/, 0) irreducible 
germs of F-manifolds with analytic spectrum (L, A) = (L', 0) x (C n_1 , 0) 
for some n will be constructed. So, often there exists no Euler field of 
weight 1 on a germ of a massive F-manifold. On the other hand, the 
Poincare-Lemma 7.2 a) and Proposition 7.4 say that an Euler field 
of weight 1 exists on a germ of a massive F-manifold (M,p) if the 
multigerm (L, 7r _1 (p)) of the analytic spectrum is at all points of 7r _1 (p) 
a product of a smooth germ and a germ which is weighted homogeneous 
with positive weights. Also, we have the following. 

Lemma 7.6. Let M be a massive F-manifold and F : L — > C a con- 
tinuous function with dF\i r£ = ct\^ r< , . Then aT 1 (F\(L — 7r _1 (/C))) is 
an Euler field of weight 1 on M — /C. It extends to an Euler field on M 
if (L, A) is at all points A G L outside of a subset of codimension > 2 a 
product of a smooth germ and a germ which is weighted homogeneous 
with positive weights. 

Proof: Suppose K C L is a subset of codimension > 2 with this 
property. Then F is holomorphic in L — K because of the Poincare- 
Lemma 7.2 a) and Proposition 7.4. The Euler field extends to M — 
7T — 1 ( J fiT). But n(K) has also codimension > 2. So the Euler field extends 
to M (and F is holomorphic on L). □ 

8. Lyashko-Looijenga maps and graphs of Lagrange maps 

In this chapter classical facts on Lagrange maps are presented, close 
to [pi2j| (chapter 1.3), but slightly more general. They will be used in 



chapters 9 — 11. 

Let L C T*M be a Lagrange variety (not necessarily smooth) in 
the cotangent bundle of an m-dimensional connected manifold M. We 
assume: 
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a) The projection tt : L — > M is a branched covering of degree n, that 
is, there exists a subvariety K<zM such that n : L — 7r _1 (F) — > 
M — K is a covering of degree n (7r : L — > M is not necessarily 
fiat). 

b) There exists a generating function F : L — > C, that is, a continu- 
ous function which is holomorphic on L reg with dF\i Jre = a\i re 
(locally such a function exists by Lemma 7.1). 

Such a function F will be fixed. It can be considered as a multivalued 
function on M — K; the 1-graph of this multivalued function is L — 
u-\K). 

The Lyashko-Looijenga map A = (Ai,...,A n ) : M —> C n of L C 
T*M and F is defined as follows: for q G M — K, the roots of the 
unitary polynomial z n + XT=i Aj(g)z n ~ l are the values of F on 7r _1 (g). 
It extends to a holomorphic map on M because F is holomorphic on 
L reg and continuous on L. 

The reduced Lyashko-Looijenga map A*"^ = (Ajf 6 ,...,A„ ) : 
M -♦ C n_1 of L C T*M and F is defined as follows: for q G Af-if , the 
roots of the unitary polynomial z n + Y^l=2^i (Q')- 2 ™ - * are the values 
of F on 7r -1 (g), shifted by their center -^Ai(g) = J Z)Aer-i(ff) F ^' 
It also extends to a holomorphic map on M. Its significance will be 
discussed after the Remarks 8.2. 

The front $ L of L C T*M and F is the image Im(F,pr) cCxMof 
(F, pr) :L^Cx M, It is the zero set of the polynomial z n + ^T=i ^» ' 
z n ~ l . So, it is an analytic hypersurface even if F is not holomorphic on 
all of L. " _ 

Following Teissier ( |[rei|| (2.4, 5.5), [|Lo2| (4.C)), the development § L C 



PT*(C x M) of this hypersurface $i in C x M is defined as the closure 
in PT*(C x M) of the set of tangent hyperplanes at the smooth points 
of $£. It is an analytic subvariety and a Legendre variety with respect 
to the canonical contact structure on PT*(C x M). 
The map 

C x T*M -> PT*(C x M), (c, A) ^ {{dz - A)" 1 ^), (c,p)) (8.1) 

(A G T p *M and rfz-A G T ( * cp) (CxM) = T*CxT;M) identifies CxT*M 
with the open subset in PT*(C x M) of hypersurfaces in the tangent 
spaces which do not contain C • J-^. The induced contact structure on 
C x T*M is given by the 1-form dz — a. 

The following fact is wellknown. It is one form of appearance of the 
relation between Lagrange and Legendre maps (e.g. |AGV|| 18.-20.). 



To check it, one has to consider F as a multivalued function on M — K 
and $£ as its graph. 
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Proposition 8.1. The embedding C x T*M <-+ PT*(C x M) identifies 
the graph Im(F, id) C C x T*M 0/ F : L — > C u>z£/i £/je development 

Remarks 8.2. It has some nontrivial consequences. 

i) The polynomial z n + Y^i=i AjZ™ -1 has no multiple factors and the 
branched covering $£ — > M has degree n: over any point p G M — K 
the varieties L and $£ have n points and the points of $^ have n 
tangent planes; so, over a generic point p G M — K also $£ has n 
points. 

ii) The graph Im(F, id) — <J>l is an analytic variety even if F is not 
holomorphic on all of L. 

iii) The composition of maps $^ ~ ■-* Im(F, id) — > L is a bijective 
morphism. It is an isomorphism iff F is holomorphic on L. Also, the 
continuous map L — > $^ is a morphism iff F is holomorphic on L. 

iv) The Lagrange variety L C T*M together with the values of F at 
one point of each connectivity component of L and any of the following 
data determine each other uniquely: the front $l, the development 
$k, the Lyashko-Looijenga map A, the generating function F as a 
multivalued function on the base M. 

To motivate the reduced Lyashko-Looijenga map, we have to talk 
about Lagrange maps and their isomorphisms Q|AGV |18., |Gi2| 3.1). 



A Lagrange map is a diagram L c — > (S, u>) —> M where L is a La- 
grange variety in a symplectic manifold (S, to) and S — > M is a La- 
grange fibration. An isomorphism between two Lagrange maps is given 
by an isomorphism of the Lagrange fibrations which maps one Lagrange 
variety to the other. 

An automorphism of T*M — > M as Lagrange fibration which fixes 
the base is given by a shift in the fibers, 

T*M -> T*M, X k-> A + dS, 



where S : M — > C is holomorphic ( ||AGV|| 18.5). So, regarding T*M 



M as a Lagrange fibration means to forget the 0-section and the 1-form 
a, but to keep the Lagrange fibration and the class a + {dS \ S : M — > 
C holomorphic} of 1-forms. 

Corollary 8.3. Let L ^-> T*M — > M be as above (satisfying the 
assumptions a) and b)) with I connectivity components and points 
Xi,...,\i, one in each connectivity component. The data in i) - iii) 
are equivalent. 
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i) L <-+ T*M — > M as a Lagrange map and the differences F(\) — 

F(Xj) G C of values of F, 
ii) the generating function F modulo addition of a function on the 

base, 
Hi) the reduced Lyashko-Looijenga map A^ red ' : M — ► C n_1 . 

Proof: i) =^> ii): Integrating the 1-forms in a + {dS \ S : M — > 
C holomorphic} gives ii). 
ii) => iii) Definition of A^ red \ 

iii) => i): (0, A^) = (0, A% ed \ ...,A ( n ed) ) : M -> C n is the Lyashko- 
Looijenga map of a Lagrange variety in T*M which differs from the 
original Lagrange variety only by the shift of d(—Ai) in the fibers. 
(0,A ( - r6d )) determines this Lagrange variety and a generating function 
for it because of Remark 8.2 iv). One recovers i). □ 

9. Miniversal Lagrange maps and F-manifolds 

The notion of a miniversal germ of a Lagrange map is central in 
Givental's paper [|Gi2|| . We need a slight generalization to multigerms, 
taking a semilocal viewpoint. 

Let L C T*M be a Lagrange variety with finite projection n : L — ► 
M. The germ at the base point p G M of L "—>■ T*M — > M is the 
diagram 

(L,7r-») - (T*M,T;M) -» (M,p). 

Here (L,7r _1 (p)) is a multigerm. (T*M,T*M) -> (M,p) is the cotan- 
gent bundle of the germ (M,p); it is a germ in the base, but not in the 
fiber. 

For this diagram the morphisms 

M , P ®T M , p ^Tr40 L ) p , (c,X)^(c + a{X))\ L (9.1) 

and 

C©T P M -> 7r,(C L ) p /m p -7r,(C L ) p , (9.2) 

(c,X) ^ (c + «(X))|vr,(0 L ) p /m p -7r,(0 L ) p 

are welldefined. Here X is in both cases a lift of X to T*M . These 
morphisms are not invariants of the diagram as a germ at the base point 
p G M of a Lagrange map because the identification of the Lagrange 
fibration with the cotangent bundle of (M,p) is unique only up to 
shifts in the fibers and only the class of 1-forms a + {dS \ S : M — > 
C holomorphic} is uniquely determined (cf. chapter 8). 

But being an isomorphism or epimorphism in (9.1) and (9.2) are 
clearly properties of the germ at p of the Lagrange map. 
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Definition 9.1. The germ at p G M of L <-> T*M -^Masa La- 
grange map is called miniversal (versat) if the morphism in (9.2) is an 
isomorphism (epimorphism) (cf. ||Gi2|| (chapter 1.3)). 

We are only interested in the case of a flat projection it : L — * M. 
Wellknown criteria of flatness for finite maps give the next lemma. 

Lemma 9.2. The following conditions are equivalent. 

i) The germ at p E M of L •—> T*M —> M as a Lagrange map is 
miniversal with flat projection n : (L, 7r _1 (p)) — ► (M,p), 
ii) it is miniversal with deg 7r = 1 + dim M , 
Hi) the morphism in (9.1) is an isomorphism, 
iv) the Lagrange map is miniversal at all points in a neighborhood 

ofp e M. 

Example 9.3. A miniversal germ at a base point of a Lagrange map 
with not flat projection it : L — > M is given by the germ at G C 2 
of the Lagrange fibration C 4 — > C 2 , (y 2 ,y3,t 2 ,t 3 ) l— » (^2,^3) with uj = 
dy 2 dt 2 + dy 3 dt 3 and by the Lagrange variety L which is the union of 
two appropriate planes and which is defined by the ideal 

(2/2, 1/3) n (y 2 - h, y 3 - *s) = (1/2, 2/3) • (1/2 - h, 2/3 - *s) • (9-3) 

Now let M be a massive n-dimensional F-manifold with analytic 
spectrum L C r*M. Then (L,^ 1 ^)) ^ (T*M,T*M) -> (Af,p) is 
for any p G M a versal, but not a miniversal germ at the base point 
p G M of a Lagrange map. But there is a miniversal one. 

pr e : (M,p) — > (M' r ',])' r ') denotes the germ of the fibration at p 
whose fibers are the orbits of the unit field e. The fiberwise linear 
function on T*M which corresponds to e is called y±. Its Hamilton field 
e := H yi is a lift of e to T*M. It leaves the hypersurface yf^l) C T*M 
and the Lagrange variety L C yf x (l) invariant. The orbits of e in 
yf : (1) form a germ of a 2n — 2-dimensional symplectic manifold with a 
Lagrange fibration, which can be identified with the cotangent bundle 

(T*M (r) ,T* (r) M (r) ) -► (M (r) ,p (r) ) . 

But this identification is only unique up to shifts in the fibers. The 
orbits of e in L form a Lagrange variety L^ C T*M^ r \ 

The germ at p (r) G M^ of the diagram L( r ) ^ T*Af( r ) -♦ M^ r ) is 
unique up to isomorphism of germs in the base of Lagrange maps. It 
will be called the restricted Lagrange map of the germ (M,p) of the 
F-manifold M. An explicit description will be given in the proof of the 
next result. 
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Theorem 9.4. a) The restricted Lagrange map of the germ (M,p) of 
a massive F-manifold is miniversal with flat projection n^ : l/ r ) — ► 
MM. 

b) It determines the germ (M,p) of the F-manifold uniquely. 

c) Any miniversal germ at a base point of a Lagrange map L' <— ► 
T*M' — > M' with flat projection V — ► M' zs £/ie restricted Lagrange 
map of a germ of a massive F-manifold. 

Proof: a) In order to be as explicit as possible we choose coordinates 
t = (t!,t') = (h,...,t n ) : (M,p) -»• (C n ,0) with e(h) = 1. The dual 
coordinates on T*M are (yi,...,y n ) = (yi,y') = y. The multiplication 
is given by ^- o -^- = ^ fc a^(t')-^- and the analytic spectrum L is 

L = {(y,t) 6C"x (CM)) | i/! = 1, y^- = J]««(OWk} • (9.4) 

k 

The restricted Lagrange map is represented by the Lagrange fibration 

C n-1 x ( C n-1 ; ) _, ( C n-1 ; q^ (^ ^ ^ f / (g _ 5 ) 

with canonical 1-form a' := ^2 i>2 yidti and by the Lagrange variety 
{(y',t')eC n - 1 x (C"-\0) | 
ViVi = aljit') + Y, a1 itf)v* for i>J ^ 2 > - L(T) ■ ( 9 - 6 ) 

fc>2 

The equations for the Lagrange variety in (9.6) show that the morphism 
in (9.1) for this Lagrange map with fixed canonical 1-form a 1 is an 
isomorphism. This implies that the restricted Lagrange map for (M,p) 
is miniversal with flat projection. 

b)+c) Any miniversal germ at a base point p' G M' of a Lagrange 
map V <-* T*M' -> M' with flat projection n' : V -»• M' can be 
represented by a Lagrange fibration as in (9.5) and a Lagrange variety 
as in (9.6). 

Defining L by (9.4) and M:=Cx (M',p') with e := -M-, one obtains 
an F-manifold with unit field e and analytic spectrum L. 

It rests to show that this does not depend on the way in which the 
Lagrange fibration is identified with the cotangent bundle of (C™ _1 ,0) 
in (9.5). But one sees easily that a shift in the fibers of (9.5) of the type 
Hi l— *• Hi + |^ for some holomorphic function S : (C n_1 , 0) — ► C on the 
base corresponds only to a change of the coordinate fields ^-, ..., -^- and 
the coordinate t\ in M and thus to a shift of the section {0} x (M',p') 
in M — > (M',p f ). It does not affect L and the multiplication on (M,p). 
□ 



30 CLAUS HERTLING 

Let (M,p) be a germ of a massive F-manifold. The germ 

G p(r) :={XeT M , p | [e,X] = 0} (9.7) 

is a free M (r) (^-module of rank n. It is an M ( r )„(r) -algebra because 
of Lie e (o) = 0-o. The functions a(X) for X G Q p ( r ) are invariant with 
respect to e and induce holomorphic functions on L^ r \ One obtains a 
map 

a (r) : g p{r) - (vri r) LW ) pM . (9.8) 

Lemma 9.5. a^) zs an isomorphism of M ( r ) „(r)- algebras. 

Proof: The isomorphism a : Tm, p — ► {t^*Ol) p maps the e-invariant 
vector fields in (M,p) to the e-invariant functions in (tt*Ol) p - □ 

This isomorphism a^ r ^ is closely related to (9.1) for the restricted 
Lagrange map of (M,p): 

An isomorphism as in (9.1) requires the choice of a 1-form for its 
Lagrange fibration. The choice of a function t\ : (M,p) — ► (C, 0) with 
e(ti) = 1 yields such a 1-form: the 1-form which is induced by a — dt\ 
(a — dti on T*M is e-invariant and vanishes on e and induces a 1-form 
on the space of e-orbits of yf x (l)). 

The choice of t\ also yields an isomorphism 

-► O m m, p w • e © {X G g p(r) | X(ti) = 0} = V) • ( 9 - 9 ) 
One sees with the proof of Theorem 9.4 a) that the composition of this 
isomorphism with a^ r ^ gives the isomorphism in (9.1) for the restricted 
Lagrange map of (M,p) (the germ (M,p) in (9.1) is here (AfW,pW)). 

10. Lyashko-Looijenga map of an F-manifold 

Definition 10.1. Let (M, o, e) be a massive n-dimensional F-manifold 
with analytic spectrum L C T*M. 

a) A generating function F for (M, o, e) is a generating function for 
L, that is, a continuous function F : L — » C which is holomorphic on 
L ren with dF\j J = a\r . 

b) Let F be a generating function for (M, o, e). 

i) The bifurcation diagram B C M of (M, o, e, F) is the set of points 
p G M such that F has less than n different values on 7i~ 1 (p). 

ii) The Lyashko-Looijenga map A = (Ai,...,A n ) : M — + C n of 
(M, o, e, F) is the Lyashko-Looijenga map of F as generating func- 
tion for LcT*M (cf. chapter 8). 

iii) The discriminant T> C M of (M, o, e, F) is D := A~ 1 (0). 
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The discriminant will be discussed in chapter 11. A generating func- 
tion for an F-manifold exists locally (Lemma 7.1), but not necessarily 
globally. 

A holomorphic generating function F corresponds to an Euler field 
E := a~ 1 (F) of weight 1 (Theorem 6.3); then the values of F on 7r _1 (p), 
p G M, are the eigenvalues of Eo : T p M — * T P M. The objects £>, A, T> 
of Definition 10.1 b) are welldefined for (M,o,e,E) if E is such an 
Euler field. 

The restriction of n : L — ► M to the complement of the caustic /C is 
a covering 7r : 7T -1 (M — /C) — »■ M — /C of degree n, and n~ 1 (M — /C) 
is smooth. Hence there a generating function F is holomorphic and 
corresponds to an Euler field E on M — /C. Results and examples about 
the extendability of E to M are given in Lemma 7.6 and Theorem 20.4. 

The bifurcation diagram B of (M, o, e, F) contains the caustic /C. 
The caustic is a hypersurface or empty (Proposition 2.4) and invariant 
with respect to the unit field e (Remark 3.3 vii)). The bifurcation 
diagram has the same properties: the restriction of F to an open set 
U C M — /C with canonical coordinates (u±, ...,«„) corresponds to an 
Euler field E = XX M « + r *) e « f° r some r 'i £ C, and the bifurcation 
diagram is the hypersurface 

S fl [/ = U n {w | Uj + Ti — Uj + Tj for some i ^ j} . 

It is invariant with respect to e because of e(ui — Uj) = 0. 

The Lyashko-Looijenga map for the F-manifold A r [ = (C n , o, e) (Ex- 
ample 4.3 ii)) with Euler field E = Yl u i e i an d Euler field-function 
F := sl(E) is 

A (n) . C a _^ C n ; ^ ^ ((_l)V,(u)) (10.1) 

(cri(u), ..., <J n (u) are the symmetric polynomials). The group of auto- 
morphisms of the F-manifold A™ which respect the Euler field E is the 
symmetric group S n which permutes the coordinates Ui,...,u n . The 
map A*™) is the quotient map for this group. It is branched along the 
bifurcation diagram B = {u \ Ui = Uj for some % ^ j}. The image 
A^ n \B) is the hypersurface 

V {n) := {a e C n | z n + ^a iZ n - 1 has multiple roots } C C n . (10.2) 

The restriction A< n > : C n - B -> C n - £> (n) induces an F-manifold 
structure on C n — T>( n \ with unit field 

e («) : = dA (n \e) = -n-£- - Yin - % + l)a,_i^- (10.3) 

da, ^ da % 
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and Euler field 

£(") : = dA {n) (E) = Yta t ^- . (10.4) 

i 

This F-manifold (C n - V (n \ o, e (n) ) will be denoted by A£/S n . 

Theorem 10.2. Let (M, o, e) 6e a massive F-manifold with generating 
function F : L — »■ C and Lyashko-Looijenga map A : M — * C n . 

T/ien A'^PW) = £ and dA(e) = e (n) . 27je restriction A : M-B -»■ 
C n — T^" - * 1 zs an immersion and locally an isomorphism of F-manifolds. 
It maps the Euler field aT l (F\ M _ B ) on M — B to the Euler field E^ n \ 

Proof: In M — /C the multiplication is semisimple and locally the 
values of the generating function are canonical coordinates. The map 
A factors on M — B locally into an isomorphism to A" and into the 

map A (n) . □ 

The most important part of Theorem 10.2 is that A : M — B — ► 
C n -p(") is locally biholomorphic. The following statements for germs 
will also be useful. 

Lemma 10.3. Let (M,p) = Ylk=i(Mk,p) be a germ of a massive F- 
manifold with analytic spectrum L and with decomposition into irre- 
ducible germs (Mk,p) of dimension n^, J2 n k — n - 

a) There exists precisely one generating function on the multigerm 
(L, 7T -1 (p)) for any choice of its values on n~ 1 (p) = {Ai, ..., Aj}. 

b) Choose a function t\ : (M,p) — » C with e(t±) = 1. 

The values of a generating function for the points in L above an orbit 
of e are of the form t\ + constant. 

The entry Aj of a Lyashko-Looijenga map A : (M,p) — ► C n is a 
polynomial of degree i in t\ with coefficients in {g G Om,p | e(g) = 0} 
and leading coefficient (— l) 1 ( m ). 

c) Choose representatives M^ for the germs (M^,p) and Lyashko- 
Looijenga maps A^l : M^ — > C nfc . Then the function A = (A 1; ..., A n ) : 
Y[ k Mk — *■ C n which is defined by 

z n + Y, ^ n ~ l = Yl( zHk + Y, Af ] -0 (10.5) 

i=l fc=l i=l 

is a Lyashko-Looijenga map for the representative Y[ Mk of the germ 
(M,p). Any Lyashko-Looijenga map for (M,p) is of this type. 

Proof: a) Lemma 7.1. 
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b) It suffices to prove the first part for an orbit of e in M — JC. 
There the generating function comes from an Euler field. (3.5) and 
(3.6) imply Lie e (£'o) = id. The values of F are the eigenvalues of Eo. 

c) A^ corresponds to an Euler field E^ (at least) on M& — Bm u - 
The sum J2 k E^ is an Euler field on n(-^fc — £>M fe ) by Proposition 4.1. 
The corresponding generating function extends to Yl ^k and has the 
given A as Lyashko-Looijenga map. The last statement follows with 
a). □. 

Consider the projection pr e : (M,p) — > (M^ r \p^) whose fibers are 
the orbits of e (chapter 9). The e-invariant hypersurfaces B and K 
project to hypersurfaces in M^'\ which are called the restricted bi- 
furcation diagram B^ r ' and the restricted caustic K) ^' . In chapter 8 
the restricted Lagrange map was defined as the germ at p^ G M^ 
of a Lagrange map l/ r ) <— >■ T*M^ — > M^ r \ Because of Corollary 
8.3 the notion of a reduced Lyashko-Looijenga map is welldefined for 
the restricted Lagrange map (independently of the identification of the 
Lagrange fibration with the cotangent bundle of M^). 

The space of orbits of the field e^ (formula (10.3)) in C n can be 
identified with {a e C n | oi = 0} = {0} x C" _1 = C"" 1 and is equipped 
with the coordinate system (o2,...,o n ) = a'. The projection to this 
orbit space is denoted by pr^ : C n — > C™ _1 , the image of T>^ is 



n 
in— 1 I jn i \ v „ ^n— i 



P(A,_i) := {a 1 e C n - X | z n + 2_^a t z n - 1 has multiple roots} (10.6) 

i=2 

(it is isomorphic to the discriminant of the singularity or F-manifold 
Ai-i, cf. chapter 16). 

Corollary 10.4. Let (M,p) be the germ of a massive F-manifold, F 
a generating function, A (A^ red ^) the (reduced) Lyashko-Looijenga map 
of(M,o,e,F). 

^(red) . (M,p) — > C™ * is constant along the orbits of e. The induced 
map A( rec ^ r ) : (M^ r \p^) — > C n_1 zs a reduced Lyashko-Looijenga map 
for the restricted Lagrange map. The following diagram commutes, the 
diagonal morphism is h.^ red ' = pr-( n ' o A = AS re ^( r ' opr e , 

(M,p) — ^ C n 



pr, 



„ r (n) 



10.7) 



(MW,p«) ^^ C"- 1 



T/ie restriction 

A (red)(r) . M (r) _ g(r) _^ ^-l _ p(^_ 1 ) (10.J 
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is locally biholomorphic. 

Proof: A( red ) is constant along the orbits of e because of Lemma 
10.3 b). The formulas (9.4), (9.5), (9.6) show that A( red )M is a reduced 
Lyashko-Looijenga map for the restricted Lagrange map. The rest 
follows from Theorem 10.2. □ 

11. Discriminant of an F-manifold 

Let (M, o, e, F) be a massive n-dimensional F-manifold with a gen- 
erating function F : L — > C and Lyashko-Looijenga map A = 
(Ai, ..., A n ) : M — * C ra ; the discriminant of (M, o, e, F) is the hypersur- 
face V = A^(0) C M (Definition 10.1). 

If F is holomorphic and E = a~ 1 (F) is its Euler field then A n = 
(— l) n • det(-Eo), and the discriminant is the set of points where the 
multiplication with E is not invertible. 

By definition of A„, the discriminant is T> — ir(F~ 1 (0)). Theorem 
11.1 will give an isomorphism between F _1 (0) and the development 
V C PT*M of V. 

We need an identification of subsets of T*M and PT*M. The fiber- 
wise linear function on T*M which corresponds to e is called y±. The 
canonical map 

2/f x (l) — >FT*M (11.1) 

identifies y^ 1 (l) C T*M with the open subset in PT*M of hypersur- 
faces in the tangent spaces of M which do not contain C • e. 

The restriction to |/ 1 " 1 (1) of the canonical 1-form a on T*M gives the 
contact structure on t/f 1 (l) which is induced by the canonical contact 
structure on PT*M. 

Theorem 11.1. Let (M,o,e,F) and F-\0) C L C yf^ 1 ) C T*M 6e 
as above. 

The canonical map yf 1 (l) ^^ PT*M identifies F _1 (0) with the de- 
velopment T> C PT*M o/ the discriminant T>. 

Proof: We want to make use of the discussion of fronts and graphs 
(chapter 8) and of the restricted Lagrange map (chapter 9). It is suf- 
ficient to consider the germ (M,p) for some p E T>. W choose coor- 
dinates (ti, ...,t n ) and (yi, ...,y n ) as in the proof of Theorem 9.4. The 
generating function F for L <—* T*M — > M takes the form 

F(y',t)=t 1 + F (r \y',t'), (11.2) 
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F^ r ' is a generating function of L^' with respect to (9.6), (9.5), and 
a' = J2 i>2 yidU- The isomorphism with a sign 

(-t l7 pr e ) : (M,p) -4(Cx M (r) ,0 xp (r) ) (11.3) 

maps the discriminant to the front ha(F^ r \ n^) of L^ and F^'\ 

The development of this front is identified with the graph 
\m{F^\id) C C x T*M^ of i?W : L^ -► C, by Proposition 8.1 
and the embedding (cf. formula (8.1)) 

CxT*M (r) ^ PT*(CxM (r) ), (11.4) 

K,A) -> ((rft 1 + A)- 1 (0),(-t 1 ,7rM(A))) . 

But (11.1), (11-3), and (11.4) together yield also an isomorphism 
j/f x (l) -»■ C x T*M( r \ which maps F _1 (0) to this graph. D 

Remarks 11.2. i) In the proof only the choice of £i is essential. It 
is equivalent to various other choices: the choice of a section of the 
projection (M,p) — > (M^p^), the choice of a 1-form a' for the 
Lagrange fibration in the restricted Lagrange map. 

ii) Fixing such a choice of t x , one obtains together with a' and F^ a 
Lyashko-Looijenga map A^ : (M^ r \p^) -> C"" 1 for F^. Then (11.3) 
identifies the entry A n of the Lyashko-Looijenga map A : (M,p) — ► C n 
with the polynomial (-ti) n + £" = 2 AJ r) (-*i) n - i . 

iii) F _1 (0) C L is not an analytic hypersurface of L at points of 
L S ing where F is not holomorphic. But Theorem 11.1 shows that it is 
everywhere a subvariety of L of pure codimension 1. Examples with 
not holomorphic F will be given in chapter 20. 

iv) Let (M,p) = rifc=i(-^fc)P) be the decomposition of a germ 
(M,p) into irreducible germs of F-manifolds. A Lyashko-Looijenga 
map A : (M,p) — ► C n corresponds to Lyashko-Looijenga maps A^ : 
(Mk,p) — ► C nfc for the irreducible germs, in a way which was described 

in Lemma 10.3 c). Especially A n = n*i A™*!; an d the germ (T>,p) of the 
discriminant is 

v>,p) = u (tk x ( a S) _i (°) >< u M ^p) ' ( n - 5 ) 

fc \j<k j>k / 

the union of products of smooth germs with the discriminants for the 
irreducible germs (of course, ((Ay) _1 (0),p) = for some or all k is 
possible). 

v) The development T> of the discriminant T> gives the tangent 
hyperplanes to V. Let (M,p) = Ylk=i(^,p) be as in iv), and 
7r- 1 (p) = {A 1 ,...,A,}. 
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Theorem 11.1 says that the tangent hyperplanes to {T>,p) are those 
hyperplanes A^ 1 (0) C T p M for which F(X k ) = 0. 

Especially, if I = 1 and F(Ai) = 0, then A^O) C T P M is the 
nilpotent subalgebra of T p M and the unique tangent hyperplane to 
(T>,p). The general case fits with Lemma 1.1 iv) and (11.5). 

vi) a\L reg = dF\ Lreg shows immediately that F~ 1 (0) C yi" (1) is a 
Legendre subvariety. 

vii) If A G F~ 1 (0) nT*M, there is a canonical projection from the Le- 
gendre germ (F _1 (0), A) to one component of the Lagrange multigerm 
(L( r ),7r( r ) {p ))■ It is a bijective morphism. It is an isomorphism iff 
F is holomorphic at (L, A) (see Remark 8.2 iii)). 

One can recover the multiplication on a massive n-dimensional F- 
manifold M from the unit field e and a discriminant T> if the orbits of e 
are sufficiently large. To make this precise, we introduce the following 
notion. 

Definition 11.3. A massive F-manifold (M,o,e,F) with generating 
function F is in standard form if there exists globally a projection 
pr e : M -»• M^ to a manifold M^ such that 

a) the fibers are the orbits of e (and thus connected), 

/3) they are with their affine linear structure isomorphic to open 

(connected) subset of C, 
7) the projection pr e : T> — > M^ is a branched covering of degree 

n. 

Remarks 11.4. i) If (M, o,e,F) is a massive F-manifold with gener- 
ating function F and properties a) and f$) then 

(— Ai,pr e ) :M^CxM (r) (11.6) 

is an embedding because of e(— -Ai) = 1 (Lemma 10.3 b)). 

The F-manifold M can be extended uniquely to an F-manifold iso- 
morphic to C x M^) . Also the generating function F can be extended. 
The discriminant of this extended F-manifold satisfies 7) because of 
V = A^(0) and Lemma 10.3 b). 

ii) For (M, o, e, F) as in i) the coordinate t\ := — ^Ai is distinguished 
and, up to addition of a constant, even independent of the choice of 
F. Nevertheless it does not seem to have beautiful properties: In the 
case of the simplest 3-dimensional irreducible germs of F-manifolds, 
A 3 , B 3 , if 3 , it is not part of the coordinate system of a nice normal 
form (chapter 18). Using the data in |Dul|| one can also check that 



-Ai is not a flat coordinate of the Frobenius manifolds A3, B3, H3 
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Corollary 11.5. Let (M, o, e, F) be a massive F-manifold with gener- 
ating function F and in standard form. 

a) The branch locus of the branched covering pr e : T> — > M^ r ' is 
Fusing, the set pr e (T> S i ng ) of critical values is the restricted bifurcation 
diagram B^ = pr e (B). 

b) The union of the shifts of F~ l (0) with the Hamilton field e = H yi 
is the analytic spectrum L C T*M. 

c) The data (M,o,e,F) and (M,e,T>) are equivalent. 

Proof: a) Theorem 11.1 implies that all tangent hyperplanes to T> 
are transversal to the unit field. Therefore the branch locus is only 

'-'sing- 

b)+c) T> and e determine F~ 1 (0) C yf 1 (l) because of Theorem 11.1. 
The union of shifts of F~ l (0) with the Hamilton field e — H yi is finite 
of degree n over M because of 7) and it is contained in L, so it is L. 
The function F : L — > C is determined by .F _1 (0) C L and by the 
linearity of F along the orbits of e. □ 

Theorem 11.1 and Corollary 11.5 b) give one possibility to recover 
the multiplication of a massive F-manifold (M, o, e, F) in standard form 
from the discriminant T> and the unit field e. A more elementary way 
is the following. 

Corollary 11.6. Let (M,o,e,F) be a massive n-dimensional F- 
manifold with generating function F and in standard form. The mul- 
tiplication can be recovered from the discriminant T> and the unit field 
e in the following way. The multiplication is semisimple outside of the 
bifurcation diagram B = pr~ l (pr e (V 'sing)) ■ For a point p G M — B, 
the idempotent vectors ei{p) G T P M with ei(p) o Cj(p) = 5„ej(p) are 
uniquely determined by i) and ii): 

i) e(p) = Er=i e i(p)> 

ii) the multigerm (T>, T>r\pr~ 1 (pr e (p))) has exactly n tangent hyper- 
planes; their shifts to T p M with e are the hyperplanes ®^ fc C-e, C 
T P M, k = l,...,n. 

Proof: Remark 11.2 v). □ 

12. 2-DIMENSIONAL F-MANIFOLDS 

The only 1-dimensional germ of an F-manifold is Ai (Example 4.3 
i)). The class of 3-dimensional germs of massive F-manifolds is already 
vast. Examples and a partial classification will be given in chapter 20. 
But the classification of 2-dimensional germs of F-manifolds is nice. 
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Theorem 12.1. a) The only germs of 2- dimensional massive F- 
manifolds are, up to isomorphism, the germs I 2 (m), m G N> 2; with 
J 2 (2) = A\, J 2 (3) = A 2 , J 2 (4) = B 2 , J 2 (5) =: H 2 , J 2 (6) = G 2; from 
Example 4-3 iv): 

The multiplication on (M,p) = (C 2 ,0) with coordinates t±,t 2 and 
5i := -J^- is given by e := Si and 5 2 o § 2 = t r 2 a ~ 2 ■ b~\. An Euler field of 
weight 1 is E = ti5\ + —t 2 5 2 . Its discriminant is T> = {t \ t 2 — ^t™ = 
0}. I 2 (m) is irreducible for m > 3 with caustic and bifurcation diagram 
K, — B — {t | t 2 — 0}. The space of Euler fields of weight d is d-E + C-e 
for m > 3 . 

b) The only germ of a 2-dimensional not massive F-manifold is the 
germ (C 2 ,0) from Example 4-3 v) with multiplication given by e := 5\ 
and 5 2 o5 2 = 0. The caustic is empty. An Euler field of weight 1 is E = 
ti5\. The space of all Euler fields of weight is {ei5i + e 2 (t 2 )d~ 2 \ E\ G 
C, e 2 (t 2 ) G C{£ 2 }}. 



Proof: a) Givental |Gi2|| (1.3, p 3253) classified the 1-dimensional 



miniversal germs of Lagrange maps with flat projection. Together with 
Theorem 9.4 this yields implicitly the classification of the 2-dimensional 
irreducible germs of massive F-manifolds. But we can recover this in a 
simple way and we need to be more explicit. 

Let (M,p) be a 2-dimensional germ of a massive F-manifold with 
projection pr e : (M, p) — > (M^ r \p^) to the space of orbits of e. There 
is a unique generating function F : (L, 7r _1 (j9)) — > (C, 0). Its bifurcation 
diagram B C M and restricted bifurcation diagram B^ C M^ are the 
hypersurfaces B — pr^iP ) an d B^ r ' = {p^}. 

By Corollary 10.4, the reduced Lyashko-Looijenga map A^ 6 ^^ : 
{M^ r \ p^) — > (C, 0) of the restricted Lagrange map is a cyclic branched 
covering of some order fh, and the Lyashko-Looijenga map A : M — > C 2 
is also a cyclic branched covering of order rh, branched along B. 

Because of Corollary 8.3 and Theorem 9.4, this branching order rh 
of K^ red ^ determines the germ (M,p) of the F-manifold up to isomor- 
phism. It rests to determine the allowed fh and explicit formulas for 
the F-manifolds. 

Now consider the manifolds C 2 with multiplication on TC 2 given by 
e = 5\ and 5 2 o S 2 = t™~ 2 ■ b~\. The analytic spectrum L C T*C 2 is 

L = {(yi,V2,h,t 2 ) | 3/i = 1, y2-V2 = t 2 n - 2 } ■ (12.1) 

It is an exercise to see that L is a Lagrange variety with generating 
function F = t x + — y 2 t 2 with respect to a = y\dt x + y 2 dt 2 , i.e. one has 
(a — dF)\L reg = 0. Then this gives an F-manifold and E = a _1 (F) = 
t\5i + — t 2 S 2 is an Euler field of weight 1. The Lyashko-Looijenga map 
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A is 

A : C 2 - C 2 , (h, t 2 ) h+ (-2ix, t\ - — 2 t™) . (12.2) 

m 

It is branched along B = {t \ t 2 = 0} of degree m. 

So ^(m) is the desired F-manifold for any branching order m = m > 
2. The same calculation yields for m — m — 1 the F-manifold A\/S2 on 
C 2 — {t | £ 2 = 0} (chapter 10) with meromorphic multiplication along 

{t | h = o}. 

b) Let (M,p) = (C 2 , 0) be the germ of a 2-dimensional not massive 
F-manifold with e = <5i. Then Lie e (o) = and [e, <5 2 ] = imply 
Lie e (<5 2 o5 2 ) = 0. Hence <5 2 o5 2 = f3{t 2 )8i -\-^{t 2 )8 2 for some /5(t 2 ), 7(^2) e 
C{t 2 }. 

The field 5 2 := <5 2 — |7(£ 2 )#i satisfies 5 2 o<5 2 = (/3(i 2 ) + \l{h) 2 )8\ and 
[Si, 62] = 0. Changing coordinates we may suppose <5 2 = 82, 7(^2) = 0. 

The analytic spectrum is L = {(2/1, 2/2, ^,£2) | 2/1 = 1, 2/2-2/2 = /3(^)}- 
The F-manifold is not massive, hence /5(t 2 ) = 0. One checks with (3.3) 
and (3.4) easily that this multiplication gives an F-manifold and that 
the space of Euler fields is as claimed. □ 

Let us discuss the role which 2-dimensional germs of F- manifolds can 
play for higher dimensional massive F-manifolds. The set 

n 

V {n ' 3) := {aeC n \z n + J2 a ^" _i has a root ( 12 - 3 ) 

i=i 

of multiplicity > 3} C £> (n) C C" 

is an algebraic subvariety of C n of codimension 2 (see the proof of 
Proposition 2.3). Given a massive F-manifold M, the space 

/C (3) :={peM \ V(T P M) >- (3, 1, ..., 1)} C K. C M (12.4) 

of points p such that (M,p) does not decompose into 1- and 2- 
dimensional germs of F-manifolds is empty or an analytic subvariety 
(Propostion 2.3). 

Theorem 12.2. Let (M, o, e) be a massive F-manifold with generating 
function F. 

a) F is holomorphic on ix~ l (M — JC^') and gives rise to an Euler 
field of weight 1 on M — fC^ . 

b) If codim /C® > 2 then F is holomorphic on L and E = a _1 (F) is 
an Euler field of weight 1 on M. 

c) K,® C A" 1 ^"' 3 )), and A-i(pK3)) _ /c(3) is analytic of pure 
codimension 2. Thus codim /O 3 -* > 2 •<=>- codim A~ 1 ('D < - n ' 3 - ) ) > 2. 
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d) The restriction of the Lyashko-Looijenga map 

A : M - A _1 (P (n ' 3) ) -»• C n - £> (n ' 3) 

zs locally a branched covering, branched along B — A~ 1 (Z> (n,3 ' ) ). 

J/pG B - A _1 (D( n ' 3 )) and A(p) G £> (n) - £>( n ' 3 ) are smooi/i points 
of the hypersurfaces B and T>^ n ' and if there the branching order is m, 
then (M,p) is the germ of an F-manifold of type ^{rn) x A™~ 2 . 

Proof: a)+b) Each germ (L, A&) of the analytic spectrum 
(L,7r _1 (p)) = (L, {Ai,...,A/}) of a reducible germ (M,p) = H k (M k ,p) 
is the product of a smooth germ with the analytic spectrum of 
(Mk,p). The analytic spectrum of ^(tti) (m > 2) is isomorphic to 
(C,0) x ({y 2 ,t 2 ) | y\ = £™~ 2 },0). One applies Lemma 7.6. 

c) A Lyashko-Looijenga map of him) is a cyclic branched covering of 
order m, branched along the bifurcation diagram. This together with 
Lemma 10.3 c) implies that locally around a point p E M — /C^ the 
fibers of the Lyashko-Looijenga map A : M —>■ C n are finite. Therefore 
codim M (A- 1 (D( ri ' 3 )),p) = coding (£>( n ' 3 )) = 2. 

d) A determines the multiplication of the F-manifold M (Theorem 
10.2). One uses this, Lemma 10.3 c) and properties of l2{m). □ 

Many interesting F-manifolds, e.g. those for hypersurface singulari- 
ties, boundary singularities, finite Coxeter groups (chapters 16, 17, 18), 
satisfy the property codim/C^ 3 ^ > 2 and have an Euler field of weight 
1. 

13. Logarithmic vector fields 



K. Saito [ |3aK3|| introduced the notions of logarithmic vector fields 
and free divisors. Let H C M be a reduced hypersurface in an n- 
dimensional manifold M. The sheaf Der^ (log if) C Tm of logarithmic 
vector fields consists of those holomorphic vector fields which are tan- 
gent to H reg . The hypersurface if is a free divisor if Der M (logif) is a 
free 0Af -module of rank n. 

The results in this chapter are not really new. They had been es- 
tablished in various generality by Bruce ||Bru|| , Givental ||Gi2| (chapter 



1.4), Lyashko [ |Lyl[ ][ [Ly3[ ], K. Saito | [SaK4| | [ f5aK.5| ] , Terao |Ter| , and Za- 



kalyukin ||Za|| as results for hypersurface singularities, boundary singu- 
larities or miniversal Lagrange maps. But the formulation using the 
multiplication of F-manifolds is especially nice. 

Theorem 13.1. Let (M, o, e) be a massive F-manifold with Euler field 
E of weight 1, generating function F = sl(E) and discriminant T> = 
(det(Eo))- 1 (0) = 7r(F- 1 (0)). 
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a) The discriminant is a free divisor with Derjvf(k>gX>) = E o T M . 

b) The kernel of the map 

a© : T M -> 7r*0 F -i(o), X i-* a(X)|jr-i( ) (13.1) 

is 

ker a v = EoT M = Der M (log£>) . (13.2) 

Proof: a) i£ o 7m is a free O^f-module of rank n. Therefore a) 
follows from (13.2). 

b) The 0M- m odule n^Op-i^ has support V. (13.2) holds in M — V. 
The set "D fl £> has codimension 2 in M. Hence (13.2) holds in M if it 
holds inV — B. 

Let p G T>—B. We choose a small neighborhood £7 of p with canonical 
coordinates u±, ...,u n centered at p, with V n U = {u \ u\ = 0} and 
with Euler field E = uiei + J2 i>2 (ui + ri)ei for some r t e C — {0}. With 
the notation of the proof of Theorem 6.2 ii)=>iii) we have a = Yl Xidui, 

E-\0) D 7T _1 (C/) = {(s, U) I Xj = <Jy, Ml = 0} , 

and for any vector field X = Y^^i e i e ?m(U) 

a(X)|F- 1 (0) n tt-^C/) = 6(0, u 2 , ..., u n ) . 
Therefore 

n 

(ker a©)^ = O m , p • t*iei © (J) C A/iP • e* 

i=2 

= £ o T M)P = Der M)P (logP) . (13.3) 

D 

Remark 13.2. One can see 13.1 a) in a different way: there is a cri- 
terion of K. Saito ||SaK3| (Lemma (1.9)). To apply it, one has to show 

[EoT M ,EoT M ]cEoT M . (13.4) 

With (3.1) and (3.2) one calculates for any two (local) vector fields 
X,Y 

[E o X, E o Y] = E o ([X, E o Y] - [Y, E o X] - E o [X, Y]) . (13.5) 

In the rest of this chapter (M, o 7 e,E) will be a massive F- manifold 
which is equipped with an Euler field E of weight 1 and which is in 
standard form (Definition 11.3). pr e : M — > M^ is the projection to 
the space of orbits of e. The sheaf of e-invariant vector fields 

G:={Xe {pr e )*T M I [e,X] = 0} (13.6) 

is a free M o)-module of rank n. Because of Lie e (o) = it is also an 
M ( r ) -algebra. 



42 CLAUS HERTLING 

Theorem 13.3. Let (M, o, e, E) be a massive F-manifold with Euler 
field E of weight 1 and in standard form, 
a) 

(pr e )*T M = g® (pr e )*(E o T M ) ■ (13.7) 

b) The kernel of the map 

(pr e )*a© : (pr e )*7^/ -> (pr e o 7r)*Oj?-i( ), (13.8) 

X h-> a(X)| F -i (0) 

is (pr e ) Je (E oTm)- The restriction 

(pr e )*a c : £ -> (pr e o Tr^C^-i^) (13.9) 

zs an isomorphism of M ( r )- algebras. 

Proof: a) follows from b). 

b) The kernel of (pr e )*ax> is (pr e )*(EoTM) because of Theorem 13.1 
b). The F-manifold in standard form has a global restricted Lagrange 
map l/ r ) ■=— ► T*M^ — > M^ (the identification of its Lagrange fibration 
with T*M( r ' — > M^ is unique only up to shifts in the fibers). 

The canonical projection F _1 (0) — > L^ is bijective (Corollary 11.5 
b)), and then an isomorphism because F is holomorphic. It induces an 
isomorphism (pr e o Tr)*Op-ir Q -\ = (it^)*O l ^. The composition with 
(13.9) is the isomorphism 

a W . g ^ {^%0 Lir) (13.10) 

from Lemma 9.5. □ 

Theorem 13.1 and Theorem 13.3 are translations to F-manifolds of 
statements in |SaK4| (1.6) |SaK5| (1.7) for hyper surf ace singularities. In 



fact, K. Saito used essentially (13.9) to define the multiplication on Q 
for hypersurface singularities. 

The arguments in Lemma 13.4 and Theorem 13.5 are due to Lyashko 
[|Lyl|| [|Ly3|| and Terao ||Ter|| , see also Bruce | Bru|| . 



Again (M, o, e, E) is a massive F-manifold with Euler field of weight 
1 and in standard form. We choose a function t± : M — > C with 
e(£i) = 1 (e.g. t\ = — ^Ai, cf. Lemma 10.3 b)). This choice simplifies 
the formulation of the results in Lemma 13.4. The vector fields in T M ( r ) 
will be identified with their (unique) lifts in {X e Q \ X{t\) = 0} C 
Q C (pr e )*TM- The projection to T M ( r ) of all possible lifts to M of 
vector fields in M^ is 

d(pr e ) : T M( r) © (pr e )*0 M • e -> T M ( r) . (13.11) 
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Lemma 13.4. Let (M,o,e,E,ti) be as above, 
a) 

(n-l 
TmW ® OmW • *i • e 

n—l 

= 0O M w (t k -e-{he-E) ok ) . (13.12) 

fc=i 

&,) E'ac/i vector field in M ( - r ' which lifts to a vector field in 
(pr e )* DerM(logP) /i/fe to a unique vector field in (13.12). 

c) The vector fields in M^ which lift to vector fields in 
(pr e )* Derjw(log'D) are tangent to the restricted bifurcation diagram 
J3( r > = pr e (B) C M^> and form the free M ( r )-module of rank n—l 

n-l 

O mW ■ d(pr e )((tie - E)° k ) C Der M(r) (logBW) . (13.13) 
k=i 

Proof: a) One sees inductively by multiplication with t±e — E that 
for any k > 1 

t\e - (he - E) oh G (weUE ° T M ) (13.14) 

holds. t±e — E G Q and Lie e (o) = imply (tie — E) oh G £, therefore 

n—l n—l 

7mm © OjfWtJe = G © O m w We - (tie - £) ofe ) . (13.15) 

fc=0 fc=l 

Now the decomposition (13.7) yields (13.12). 

b) pr e : T> — »■ M^^ is a branched covering of degree n (Definition 
11.3), so 

n-l 

00 M M-tf->(pr e ),(C>z>) (13.16) 

fc=0 

is an isomorphism. Therefore any lift h ■ e + X, h G (pr e )*0M, of X G 
T M (r) can be replaced by a unique lift h ■ e + X with h G ©fc= ^mW*i 
and (/i — /i)|x> = 0. If /i • e + X is tangent to V, then (/i — /i)|x> = is 
necessary and sufficient for h ■ e + X to be tangent to T>. 

c) A generic point p^ G (B^) reg has a preimage p G (T> sing ) reg 
such that the projection of germs pr e : (T> sing ,p) — ► (£> <r ),p( r )) is an 
isomorphism (Corollary 11.5 a)). A vector field h • e + X, X G T m h, 
which is tangent to £> re9 is also tangent to (V sin g) reg . Then X is tangent 
to (£>( r )) re9 . One obtains the generators in (13.13) by projection to T^-m 
of the generators in (13.12). □ 
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/O 3 - 1 C /C C M is the set of points p G M such that (M,p) does not 
decompose into 1- and 2- dimensional germs of F-manifolds (chapter 
12). 

Theorem 13.5. Let (M, o, e, -E 1 ) fre a massive F-manifold with Euler 
field E of weight 1 and in standard form. Suppose that co dim. K,^ > 2. 
T/ien the restricted bifurcation diagram B^ is a free divisor and 
(13.13) is an equality. 

Proof: In viev of Lemma 13.4 c) it is sufficient to show that any 
vector field tangent to B^ lifts to a vector field tangent to V. 

pr e : T> — B — > M^> — B^> is a covering of degree n. For any vector 
field X G T M ( r ) there exists a unique function hx G {pr- e )*Ov-B such 
that /i • e + X is tangent to D — B iff /i|x>-b = /ix- 

One has to show that hx extends to a function in {pr e )^Ox> if X G 
DerAf(r)(logjBM). Then the unique lift h-e + X with h G 0£lj C m m^ 
and h\x> = hx is tangent to V. 

Let p be a point in the set 



{p g (£> sinfl ) re9 I P (r) e (B { 



fregi 



pr e : (V,p) -»• (M (r) ,p (r) ) has degree 2} . (13.17) 

Then the germ (T>,p) is the product of (C™~ 2 ,0) and the discriminant 
of the germ of an F-manifold of type ^(rn) (m > 2) (Remark 11.2 iv)). 
One can find coordinates (ti,t') = (ti, ...,t n ) around p G M such that 
(T>,p) C (M,p) — >■ (M^ r \p( r ^) corresponds to 

({(ti, I t? - t™ = 0}, 0) C (C n , 0) -^ (C n_1 , 0), t ^ t' . (13.18) 

Then (B^ r \p^) = ({t' \ t 2 = 0}, 0). Obviously the vector fields tangent 
to (B^ r \p^) have locally lifts to vector fields tangent to (T>,p). The 
function hx of a field X G Der M ( r )(log£>( r )) extends holomorphically to 
the set in (13.17). The complement in T> of T> reg = T> — B and of the set 
in (13.17) has codimension > 2 because of codim/C^ 3 - 1 > 2. Therefore 
h x e {pr e ) if O v . D 

14. Isomorphisms and modality of germs of F-manifolds 

The following three results are applications of Theorem 10.2 for the 
Lyashko-Looijenga map. They will be proved together. ((M, p), o, e, A) 
denotes the germ of an F-manifold with the function germ A : (M, p) — * 
C n as additional structure. A map germ Lp : (M,p) — > (M,p) respects 
A if A o ip = A. 

Theorem 14.1. The automorphism group of a germ (M,p) of a mas- 
sive F-manifold is finite. 
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Theorem 14.2. Let (M, o, e, F) be a massive F-manifold with gener- 
ating function F and Lyashko-Looijenga map A : M — *■ C n . For any 
Pi G M the set 

{qeM\ ((M, Pl ),o,e,A) = ((M,g),o,e,A)} 

is discret and closed in M . 

Corollary 14.3. Let (M, o, e, E) be a massive F-manifold with Euler 
field E of weight 1. For any p\ G M the set 

{qEM\ ((M, Pl ),o,e,£) = ((M, q), o, e, E)} 

is discret and closed in M . 

Proof: 14.3 follows from 14.2. For Theorem 14.1, it suffices to regard 
an irreducible germ of a massive F-manifold. The automorphisms of an 
irreducible germ respect a given Lyashko-Looijenga map A because of 
Lemma 10.3 a). So we may fix for 14.1 and 14.2 a massive F-manifold 
(M, o, e) and a Lyashko-Looijenga map A : M — > C n . 

The set 

A := {(p,p) G M x M | A(p) = A(p')} 

has a reduced complex structure. It is a subset of (M — B) x (M — 
i3) U i3 x i3 and the intersection A n (M - B) x (M - B) is smooth of 
dimension n. This follows from Theorem 10.2 

Now consider an isomorphism tp : ((M,p), o, e, A) — > 
((M,p'), o, e, A). The graph germ 

(3M,(P,P')) :=({(g,V^(g))eMxM | g near p},(p,p')) 

is a smooth analytic germ of dimension n and is contained in the germ 
(A, (p,p')). It meets An(M - B) x (M - B). Because of the purity of 
the dimension of an irreducible analytic germ, it is an irreducible com- 
ponent of the analytic germ (A, (p,p')). One can recover the map germ 
ip from the graph germ (Q(ip), (p,p')). The germ (A, (p,p')) consists of 
finitely many irreducible components. The case p = p' together with 
the remarks at the beginning of the proof gives Theorem 14.1. 

For Theorem 14.2, we assume that there is an infinite sequence 
(j>i, <Pi)ieN °f different points Pi G M and map germs 

W : ((M, Pl ),o,e,A) 4 ((M, Pi ),o,e,A) 



and one accumulation point p^ G M. The set A — B x B is analytic of 
pure dimension n. It contains the germs (G(<Pi), (Pi,Pi)) and the point 

(Pl,Pco). 
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We can choose a suitable open neighborhood U of (pi,Poo) inMxM 
and a stratification 



(JS a = C/nA-£x£ 



of C/ l~l A — B x B which consists of finitely many disjoint smooth con- 
nected constructible sets S a and satisfies the boundary condition: The 
boundary S a — S a of a stratum S a is a union of other strata. 

(G((fi), (Pi,Pi)) is an n-dimensional irreducible component of the 
n-dimensional germ (A — B X B, (pi,Pi))- There is a unique n- 
dimensional stratum whose closure contains (G(<Pi),(pi,Pi))- If 
ipiiPi) £ Sa then this together with the boundary condition im- 
plies (S a ,(pi,Pi)) C (G(<Pi),(pi,Pi))- The germ (G(<Pi),(pi,Pi)) is 
the graph of the isomorphism %. Therefore it intersects the germ 
({pi} x M, (pi,Pi)) only in (pi,Pi); the same holds for (S a , (pi,Pi))- 

Now there exists at least one stratum S ao which contains infinitely 
many of the points (pi,Pi). The intersection of the analytic sets S ao 
and U n ({pi} x M) contains these points as isolated points. This is 
impossible. The assumption above was wrong. □ 

In singularity theory there are the notions of /i-constant stratum 
and (proper) modality of an isolated hypersurface singularity. One can 
define versions of them for the germ (M,p) of an F-manifold (M, o, e) 
(massive or not massive): The fi-constant stratum (Sfj,,p) is the analytic 
germ of points q G M such that the eigenspace decompositions of T q M 
and T p M have the same partition (cf. Proposition 2.3). 

The idempotent fields ei,...,ej of the decomposition (M,p) = 
Wk=\{Mk,p) into irreducible germs of F-manifolds commute and sat- 
isfy Lie ei (o) = 0-o. So the germs (M,q) of points q in one integral 
manifold of ei,...,ej are isomorphic. This motivates the definition of 
the modality: 

mod M (M,p) := dim(S^p) - I . (14.1) 

Let (S/i,p) denote the /i-constant stratum of (M k ,p); Then Theorem 
4.2 implies 

ow)=n( 5 ? ] 'P) and ( i4 - 2 ) 

k 

mod (M,p) = ^mod M (M fe ,p) . (14.3) 

k 

For massive F-manifolds, Theorem 14.2 and Lemma 10.3 give more 
information: 



MULTIPLICATION ON THE TANGENT BUNDLE 47 

Corollary 14.4. Let (M,p) = Ylk=i(Mk,p) be the germ of a massive 
F-manifold and A : (M , p) — > C n a Lyashko-Looijenga map. 

a) There exist a representative S^ of the ^-constant stratum (S^jp), 
a neighborhood U C C of and an isomorphism 

^:S' / ,^(^nA- 1 (A(j9)))xf/ (14.4) 

such that ip~ 1 {{q\ X [/) zs i/ie integral manifold of e\, ...,e; which con- 
tains q. Any subset of points in S^ fl A _1 (A(p)) mi/» isomorphic germs 
of F-manifolds is discret and closed, 
b) 

mod M (M,p) = dim(S; n A _1 (A(p)),p) , (14.5) 

sup(mod At (M, g) | g near p) = dim(A _1 (A(p)),p) . (14.6) 

Proof: a) For Z = 1, the existence of ip follows from the e-invariance 
of Sfj, and from e(— ~Ai) = 1 (Lemma 10.3 b)). 

For arbitrary I, one uses (14.2) and Lemma 10.3 c): the maps A and 
(A' 1 ', ..., A^) have the same germs of fibers, especially 

S^ n A- x (A(p)) = J[SP n AW _1 (AW(p)) . (14.7) 

k 

A germ (M, q) has only a finite number of Lyashko-Looijenga maps 
with fixed value at q (Lemma 10.3 a)). The finiteness statement in 
14.4 a) follows from this and Theorem 14.2. 

b) (14.5) follows from a). A representative of the germ (A -1 (A(p)),p) 
is stratified into constructible subsets which consist of the points q with 
the same partition for the eigenspace decomposition of T q M (Propo- 
sition 2.3). A point q G A _1 (A(p)) in an open stratum with maximal 
dimension satisfies 

mod M (M,g) = dining) n A" 1 (A(p)),g) 

= dim(A _1 (A(p)),g) = dim(A _1 (A(p)),p) . (14.8) 
This shows 

sup(mod M (M, g) | g G A _1 (A(p)) near p) = dim(A -1 (A(p)),p) .(14.9) 
The upper semicontinuity of the fiber dimension of A gives (14.6). □ 



Remark 14.5. Gabrielov ||Ga|| proved in the case of isolated hypersur- 



face singularities the upper semicontinuity of the modality, 

mod M (M, q) < mod A4 (M,p) for q near p (14.10) 

(and the equality with another version of modality which was defined 
by Arnold). He used (14.5), (14.6), and a result of himself, Lazzeri, 
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and Le, which, translated to the F-manifold of a singularity (chapter 
16), says: 

(S, n A-^AGO),?) = (A-^ACp))^) . (14.11) 

(14.10) is an immediate consequence of (14.5), (14.6) and (14.11). But 
for other F-manifolds (14.11) and (14.10) are not clear. 

In the case of the simple hypersurface singularities, the base of the 
semiuniversal unfolding is an F-manifold M = C n and the map A : 
M — B — > C n — T>^ n > is a finite covering. Therefore the complement 
M — B is a K(ir, 1) space and the fundamental group is a subgroup 
of finite index of the braid group Br(n). This is the application of 
Looijenga ||Lol|| and Lyashko |[Arl|| of the map A, which led to the 



name Lyashko-Looijenga map. 

It can be generalized to F-manifolds. We call a massive F-manifold 
M simple if mod M (M, p) = for all p e M. This fits with the notions 
of simple hypersurface singularities, simple boundary singularities, and 
simple Lagrange maps ( |Gi2| 1.3, p 3251). 

A distinguished class of simple F-manifolds are the F-manifolds of 
the finite Coxeter groups (chapter 18 and P^l[ |ArT|P^T|P^ 1|Gi2]1). 



There are other examples (Proposition 20.6 and Remark 20.7). 

A Lyashko-Looijenga map of a massive F-manifold is locally a 
branched covering iff M is simple ((14.6) and Theorem 10.2). A de- 
tailed proof of the following result had been given by Looijenga | |Lol[ | 
(Theorem 2.1) (cf. also pi| 1.4, Theorem 5). 

Theorem 14.6. Let (M,p) = (C n ,p) be the germ of a simple F- 
manifold with fixed coordinates. Then, if e < e for some Eq, the space 
{z G C n | \z\ < e} — B is a K(jr, 1) space. Its fundamental group is a 
subgroup of finite index of the braid group Br(n). 

15. Analytic spectrum embedded differently 

The analytic spectrum L C T*M of an F-manifold determines the 
multiplication on Tm via the isomorphism ((6.1) and (2.2)) 

a:T A/ ^7r,0 L , X^a(X)\ L . (15.1) 

One can generalize this and replace L, T*M, and a by other spaces 
and other 1-forms. This allows to find F-manifolds in natural geometric 
situations and to encode them in an economic way. Corollary 15.2 and 
Definition 15.4 are the two most interesting special cases of Theorem 
15.1. 



MULTIPLICATION ON THE TANGENT BUNDLE 49 

Theorem 15.1. Let the following data be given: 

manifolds Z and M, where M is connected and n- dimensional; 

a surjective map n z '■ Z — »■ M which is everywhere a submersion; 

an everywhere n-dimensional reduced subvariety C C Z such that the 

restriction tt c : C — > M is finite; 

a 1-form a z on Z with the property: 

any local lift X G T z of the zero vector field G T M 
satisfies a z{X)\c = . (15.2) 

Then 

a) The map 

a c : T M ^ ^c),Oc, X h+ a z {X)\ c (15.3) 

is welldefined; here X ET Z is any lift of X to a neighborhood of C in 
Z. 

b) The image L C T*M of the map 

q : C -»• T*M, (15.4) 

z -> q(z) = (X ^ ac (X)(z)) E T; c{z) M 

is a (reduced) variety, q : C — ► L is a finite map, the projections 
it : L — > M and it c = n o q are branched coverings. The composition 
of the maps q : 7T*(9l — ► (^c)*^ owe? 

a : T M -► 7t,O l , X h+ a(X)| L (15.5) 

is a<7 = q o a. AW three are O M~ m odule homomorphisms. 

c) The 1-forms a and a z satisfy (q*«)|cr e9 = a z\c reg - Therefore L 
is a Lagrange variety iff a z \c reg is exact. 

d) a : Tm — »■ tt*Ol is an isomorphism iff 
i) a c is injective, 

ii) its image &c(Tm) C {t^c)*^c is multiplication invariant, 

in) slc{Tm) contains the unit \c G (nc)*Oc- 
In this case slq : Tm —* {^c)*Oc induces a (commutative and associa- 
tive and) generically semisimple multiplication on Tm with global unit 
field and with analytic spectrum L. 

e) &C : T M — > (k c )*Oc provides M with the structure of a massive F- 
manifold iff ct z \c re is exact and the conditions i)-iii) in d) are satisfied. 

Proof: a) This follows from (15.2). 

b) dimC — n — dimM and tiq finite imply that nc is open. M is 
connected, thus ttc is a branched covering. Using local coordinates for 
M and T*M one sees that q : C — ► T*M is an analytic map. ttq = vroq 
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is clear and shows that q is finite. Then L = q(C) is a variety and it 
is a branched covering, a^ = q o a follows from the definition of q. 

c) There is an open subset M^> C M with analytic complement 
M - Af(°) such that ^(M^) C C and 7r -1 (M( )) C L are smooth, 
ir c : vr^M^) -► Af(°) and tt : tT^MW) -»■ M<°) are coverings 
and q : ^"""(M^) — »■ 7T -1 (M^) is a covering on each component of 
7r _1 (AfW). Now a c = qoa implies q^l^M^) = a z \n c 1 (M^). 

d) q : tt^Ol — ► {itc)*Oc is an injective homomorphism of Om~ 
algebras. If a : Tm — ► t^*Ol is an isomorphism then i)-iii) are obviously 
satisfied. 

Suppose that i)-iii) are satisfied. Then a : Tm — ► t^*Ol is in- 
jective with multiplication invariant image sl(Tm) C k*Ol and with 
1l G sl(Tm)- The maps a and slc induce the same (commutative and 
associative) multiplication with global unit field on TM. 

We have to show that this multiplication is generically semisimple 
with analytic spectrum L. Then a : Tm — > 7T*Ol is an isomorphism 
and the proof of d) is complete. 

If for each p G M the linear forms in 7i^ 1 (p) C T*M would generate 
a subspace of T*M of dimension < n then a would not be injective. 
So, for a generic point p G M there exist n elements in 7r _1 (p) C T*M 
which form a basis of T*M. We claim that 7r -1 (p) contains no other 
than these elements: 7r _1 (p) does not contain G T*M because of 
1l G &(Tm)- From the multiplication invariance of sl(Tm) one derives 
easily that 7r -1 (p) does not contain any further elements. 

This extends to a small neighborhood U of the generic point p G M: 
7r _1 (£/) consists of n sheets which form a basis of sections of T*M; 
the map a.\u '■ %j — > 7r ;(t (7r _1 (f/)) is an isomorphism and induces a 
semisimple multiplication on TM with analytic spectrum -k~ 1 (U). 

Then L is the analytic spectrum of the multiplication on Tm because 
M is connected. 

e) c)+d) and Theorem 6.2. □ 



In Theorem 15.1 the map 7r : L — ► M has degree n, but 7Tc : C — ■*■ M 
can have degree > n; and even if 7r^ : C — > M has degree n the 
map q : C — > L does not need to be an isomorphism. Examples 
will be discussed below (Examples 15.5, Lemma 17.9). But the most 
important special case is the following. 

Corollary 15.2. Let Z, M, nz, C C Z, aiz, &c, L, and q be as in The- 
orem 15.1. Suppose that az\c reg ^ s exac t and a c : T M — > (jc)*Oc zs 
an isomorphism. 
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Then q : C — *■ L is an isomorphism and a^ = q o a provides M with 
the structure of a massive F-manifold with analytic spectrum L. 

Proof: Theorem 15.1 e) gives all except for the isomorphism q : 
C — *■ L. This follows from the isomorphism q : tt^Ol — > {t^c)*^c an d 
a universal property of the analytic spectrum. D 

One can encode an irreducible germ of a massive F-manifold with 
data as in Corollary 15.2 such that the dimension of Z is minimal. 

Lemma 15.3. Let (M,p) be an irreducible germ of a massive n- 
dimensional F-manifold. m C T P M denotes the maximal ideal in T p M. 

a) dimZ > n + dimm/m 2 for any data as in Corollary 15.2 for 
(M,p). 

b) There exist data as in Corollary 15.2 for (M,p) with dimZ = 
n + dimm/m 2 (the construction will be given in the proof). 

Proof: a) n^ip) = ixl^ij)) n C consists of one fat point with struc- 
ture ring T p M. Its embedding dimension dim m/m 2 is bounded by the 
dimension diniTr^p) = dimZ — n of the smooth fiber n^ip)- 

b) One can choose coordinates (ti,...,t n ) = (ti,f) = t for (M,p) 
with e = -M- as usual and with 

Oil 



(9 
0C- [— ]=mc T P M and 

j=2 * 


(15.6) 


C[-]=m 2 cT p M 

i=m-\-l 


(15.7) 


w»^ 1 no rlno PAAvninof oc r\Y^i f / * 


/i/f r r* a/t\ o^o 



for m = 1 + dim „.. ...... . ...,..,.-, ,.. ........ ... ;) .... , ...... 

yi, ...,y n , the analytic spectrum is (cf. (2.1)) 

L = {(y,t) \ Vl = l, y iVj = J>£(Os/*} ■ (15.8) 

Because of (15.7) there exist functions bi e C{t'}[y2, ■■■,y m ] with 

Vi\L = bi(y 2 ,...,y m ,t')\ L for i = m + l,...,n . (15.9) 

We identify (M,p) and (C n , 0) using (t 1: ...,t n ) and define (Z, 0) = 
(C" 1 - 1 x C n ,0). The embedding 

t : (Z, 0) = (C™' 1 x C n , 0) <-+ T*M , (15.10) 

(xi,...,x m _i,i) >->• (y,t) = (l,xi, ...,x m -i,b m+ i(x,t'), ...,b n (x,t'),t) 
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provides canonical choices for the other data, 

n z :{Z,0)^{M,p),{x,t)^t, (15.11) 

C = ^ 1 (L), (15.12) 

m n 

a,z = fa = dti + /] Xj-idtj + y bi{x,t')dti . (15.13) 

i=2 i=m+l 

The conditions in Corollary 15.2 are obviously satisfied. □ 



The notion of a generating family for a Lagrange map ( [ |AG V[ | 19 



[|Gi2|l 1.4) motivates to single out another special case of Theorem 15.1. 



Definition 15.4. Let Z,M,irz,C,az, and a^ be as in Theorem 15.1 
with az\cre a exact and a c : T M — > (tt c )*Oc injective with multipli- 
cation invariant image a c (T M ) D {lc}- These data yield a massive 
F-manifold (M, o, e). 

A function F : Z — ► C is a generating family for this F-manifold if 
az = dF and if C is the critical set of the map (F, ttz) : Z — > C x M. 

The name generating family has two reasons: 

1) F is considered as a family of functions on the fibers ^^(p), p e M. 

2) The restriction of F to C is the lift of a generating function F : L —>■ 
C, i.e. F = F o q; so the 1-graph of F as a multivalued function on M 
is L. 

In the case of a generating family the conditions (15.2) and az exact 
are obvious. The most difficult condition is the multiplication imparl- 
ance of a(T/v/). 

It is not clear whether for any massive F-manifold M data (Z, ttz, F) 
as in Definition 15.4 exist. But often even many nonisomorphic data ex- 
ist. We illustrate this for the 2-dimensional germs ^(tu) of F- manifolds 
(chapter 11). 

Examples 15.5. Always (Z, 0) = (C x C 2 ,0) and (M,p) = (C 2 ,0) 
with projection iiz : (Z, 0) — > (M, 0), (x, ti,^) t— ► (ti, t 2 ) and e : = 

^ — a^ 2 — 5fe" 

a) C = {{x, t) | x m - 2 -t\ = 0}, a z = dt x + xrft 2 ■ 
These are data as in Corollary 15.2 for ^(m). 

b) Generating family F = t% + f^fe - u 2 ) k du (k > 1), 
C = {(x,t) | t 2 -x 2 = 0}, 

a z \c = dF\ c = (dh + c ■ x 2k ~ l dt 2 )\c for some c G C - {0}, 

ac(5 2 )-a c (5 2 )=c 2 -t 2fc - 1 -l c . 

These are data as in Definition 15.4 for l2(2A; + 1), ttc '■ C — > M has 

degree 2, q : C — > L is the normalisation and the maximalisation of L. 
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c) Generating family F = ti + x k+ H 2 - ^x k+2 (k > 1), 
C = {(x,t) | (t 2 -x)x = 0}, 

az\c reg = dF\ Creg = (dh +x k+1 dt 2 )\ Creg , 

_ (i lj.k+1 r \2 _ 1 <2fc+2 I 

These are data as in Definition 15.4 for I 2 (2k + 4), ttc '■ C — > M has 
degree 2, q : C — > L is the maximalisation of L (for the missing case 
J 2 (4) compare Lemma 17.9). 

d) Generating family F — ti + Jq(u 2 — t 2 ) k udu (k > 1), 
C = {(x,t) | (t 2 -x 2 )x = 0}, 

®z\c reg = dF\ Creg = (dti + c ■ x 2k dt 2 )\ Creg for some c G C - {0}, 
ac(<* 2 - \d\ ■ 8,f = \cHf ■ l c . 

These are data as in Definition 15.4 for I 2 (2k + 2), ttc '. C — > M has 
degree 3, q : C — >• L covers one component with degree 1, the other 
with degree 2. 

16. Hypersurface singularities 

A distinguished class of germs of massive F-manifolds is related to 
isolated hypersurface singularities: the base space of a semiuniver- 
sal unfolding of an isolated hypersurface singularity is an irreducible 
germ of a massive F-manifold with smooth analytic spectrum (Theo- 
rem 16.3). In fact, there is a 1-1 correspondence between such germs of 
F-manifolds and singularities up to stable right equivalence (Theorem 
16.6). 

The structure of an F-manifold on the base space has beautiful geo- 
metric implications and interpretations (Theorem 16.4, Remarks 16.5). 
Many of them have been known since long time from different points 
of view. The concept of an F-manifold unifies them. On the other 
hand, for much of the general treatment of F-manifolds in this paper 
the singularity case had been the model case. 

An isolated hypersurface singularity is a holomorphic function germ 
/ : (C m , 0) — > (C, 0) with an isolated singularity at 0. Its Milnor num- 
ber /i G N is the dimension of the Jacobi algebra Oc m ,o/(af > •••, g~) = 

Oc m fll Jf- 

The notion of an unfolding of an isolated hypersurface singularity 
goes back to Thorn and Mather. An unfolding of / is a holomorphic 
function germ F : (C m x C n ,0) -»■ (C, 0) such that F| c - x {o} = /■ We 
will write the parameter space as (M, 0) = (C n , 0). 

The critical space (C, 0) C (C m x M, 0) of the unfolding F = 
F(xi, ...,x m ,ti, ...,t n ) is the critical space of the map (F,pr) : (C m x 
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M, 0)^(Cx M, 0). It is the zero set of the ideal 

f dF dF , , 

J '= ( &r--a£> (m) 

with the complex structure Oc,o = Oc™ x m,o/ Jf\(C,o)- 

The intersection C n (C m x'{0}) = {0} is a point and (C, 0) is a 

complete intersection of dimension n. Therefore the projection pr : 

(C, 0) — > (M, 0) is finite and flat with degree \i and Oc,o is a free 

0M,cr mo dule of rank \x. 

A kind of Kodaira- Spencer map is the 0M,o-linear map 

a c : T M , -+ O c ,o, X ^ X(F)| (C)0) (16.2) 

where X is any lift of X e T Afi0 to (C m x M,0). Dividing out the 
sub modules m. M $-T M $ and m M]O -0 C) o one obtains the reduced Kodaira- 
Spencer map 

a c | : T M -► e> c ™ / J / . (16.3) 

All these objects are independent of the choice of coordinates. In fact, 
they even behave well with respect to morphisms of unfoldings. 

There are several possibilities to define morphisms of unfoldings (cf. 
Remark 16.2 iv)). We need the following. 

Let Fi : (C m x M u 0) -> (C,0), i = 1,2, be two unfoldings of 
/ with projections pr\ : (C m x Mj,0) — >■ (Mj,0), critical spaces Ci, 
and Kodaira-Spencer maps a^. A morphism from i*\ to F 2 is a pair 
(<j), 4>base) of map germs such that the following diagram commutes, 



(C m x Mi,0) — ^ (C m x M 2 ,0) 



/«! 



i"'2 



16.4) 



(Mi,0) ^^ (M 2 ,0) 



and 



0|c-x{o} = «rf , (16.5) 

F l = F 2 o<j ) (16.6) 

hold. One says that i*\ is induced by (0, 0ft a se) from F 2 . 

The definition of critical spaces is compatible with the morphism 
{ ( j>-i ( t ) base)i that is, <P*Jf 2 — Jfi and (Ci,0) = 0~ 1 ((C 2 ,O)). Also the 
Kodaira-Spencer maps behave well: the O^ ^-linear maps 

debase '■ 7mi,0 - ► CjWi.O ®C»m 2 ,o ^2,0 ? (16-7) 

ac 2 : Cmi,o ®Om 2 ,o 1~m 2 ,o — ► Cmi,o ®o M2 ,o ^c 2 ,o j (16.8) 
0*l(c 2 ,o) : 0Mi,o®O„ 2 ,„Oc 2 ,o- > Oci,o (16.9) 
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are defined in the obvious way; their composition is 

a Ci = 0*l(c 2 ,o) ° ac 2 ° debase . (16.10) 

(16.9) restricts to the identity on the Jacobi algebra of / because of 
(16.5). Therefore the reduced Kodaira-Spencer maps satisfy 

acjo = ac. 2 |o°#6a se |o • (16.11) 

An unfolding of / is versal if any unfolding is induced from it by a 
suitable morphism. A versal unfolding F : (C m x M, 0) — > (C, 0) is 
semiuniversal if the dimension of the parameter space (M, 0) is mini- 
mal. Semiuniversal unfoldings of an isolated hypersurface singularity 
exist by work of Thorn and Mather. Detailed proofs can nowadays be 
found at many places, e.g. [|Was||||AGV|| (8.). 



Theorem 16.1. An unfolding F : (C m x M, 0) -+ (C, 0) of an isolated 
hypersurface singularity f : (C m , 0) — ► (C, 0) is versal iff the reduced 
Kodaira-Spencer map ac| : T M — > Oc^,o/Jf is surjective. It is semi- 
universal iff ac|o is an isomorphism. 

Remarks 16.2. i) Because of the lemma of Nakayama ac| is surjec- 
tive (an isomorphism) iff ac is surjective (an isomorphism). 

ii) A convenient choice of a semiuniversal unfolding F : (C m x 
C,0) -> (C,0) is F(xi,...,x m ,ti,...,t M ) = / + JXi m A> where 
m l5 ..., m M e Cc m ,o represent a basis of the Jacobi algebra of /, prefer- 
ably with mi = 1. 

iii) The critical space of an unfolding F : (C m x C\ 0) -► (C, 0) is 
reduced and smooth iff the matrix { a d ^ , » £ ) (0) has maximal rank 
m. This is satisfied for versal unfoldings. 

iv) In the literature (e.g. [ Wasj| ) one often finds a slightly different 



notion of morphisms of unfoldings: An (r) -morphism between unfold- 
ings F-i and F 2 as above is a triple (0, 4>base, T ) of map germs 4> and (phase 
with (16.4) and (16.5) and r : (M l7 0) -► (C, 0) with (16.6) replaced by 

F 1 =F 2 o ( p + T. (16.12) 

(r) -versal and (r) -semiuniversal unfoldings are defined analogously. 
They exist ( jWasj ): an unfolding F : (C m x M, 0) -»■ (C, 0) is (re- 
versal ((r)-semiuniversal) iff the map 

C © T M -> Oo»,o/Jf, (c, A) h-*. c + aclo(A) (16.13) 

is surjective (an isomorphism). 

So one gains a bit: the base space of an (r)-semiuniversal unfold- 
ing F^ has dimension ll — 1; if F^ = fW^^ ...,x m ,£ 2 , ■■■,t fJ ) is (r)- 
semiuniversal then ti + F^ is semiuniversal; between two semiunversal 
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(r) (r) 

unfoldings t\ + F{ and t\ + F 2 of this form there exist isomorphisms 
which come from (r) -isomorphisms of F{~ and F 2 f . (The relation 
between F^ r ' and t 1 + F^ r ' motivates the "(r)", which stands for "re- 
stricted"). 

On the other hand, one looses (16.10). Anyway, one should keep (r)- 
semiuniversal unfoldings in mind. They are closely related to miniversal 
Lagrange maps (see the proof of Theorem 16.6 and |[AGV|| 19.). 



v) One can generalize the notion of a morphism between unfoldings if 
one weakens the condition (16.5): Let F { : (C m x Mi), 0) -> (C, 0), i = 
1,2, be unfoldings of two isolated hypersurface singularities /i and / 2 . 
A generalized morphism from F\ to F 2 is a pair (0, 0fe ase ) of map germs 
with a commutative diagram as in (16.4) such that (16.6) holds and 
0lc m x{o} is a coordinate change (between f\ and / 2 ). 

Then /i and f 2 are ng/ii equivalent. If the generalized morphism is 
invertible then also F\ and F2 are called right equivalent. 

Critical spaces and Kodaira-Spencer maps behave well also for gener- 
alized morphisms; (16.10) holds, in (16.11) one has to take into account 
the isomorphism of the Jacobi algebras of f\ and f 2 which is induced 
by 0|c-x{o}- 

The multiplication on the base space of a semiuniversal unfolding 
was first defined by K. Saito |5aK^ (1.5)| FaK5| (1.3). 

Theorem 16.3. Let f : (C m , 0) — ► (C, 0) be an isolated hypersurface 
singularity and F : (C m x M, 0) — > (C, 0) a semiuniversal unfolding. 

The Kodaira-Spencer map &c '■ ^m,o ~~ > ^c.o is an isomorphism and 
induces a multiplication on Tm,o- Then (M, 0) is an irreducible germ of 
a massive F-manifold with smooth analytic spectrum. E := ai^ l {F\c) 
is an Euler field of weight 1. 

Proof: slc '■ Tm,o ~ * C*c,o is an isomorphism because of Theorem 16.1 
and Remark 16.2 i). The critical space (C, 0) is reduced and smooth. 
One applies Corollary 15.2 to (Z, 0) = (C m x M, 0) and a z = dF. The 
map q : (C, 0) — > (L,7r _1 (0)) is an isomorphism. 7T _1 (0) is a point. 
Theorem 15.1 c) shows that F\c ° q" 1 is a holomorphic generating 
function. Therefore E is an Euler field of weight 1. □ 

Theorem 16.4. Let f : (C m , 0) — > (C, 0) be an isolated hypersurface 
singularity and Fi : (C m x Mi, 0) — > (C, 0), i = 1,2, be two semiuniver- 
sal unfoldings. 

There exists a unique isomorphism if : (Mi,0) — > (M2,0) of F- 
manifolds such that (pbase = f for any isomorphism ((f), (phase) of the 
unfoldings Fi and F 2 . 
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Proof: (phase '■ (-Wij 0) — > (M 2 ,0) is an isomorphism of F-manifolds 
because of (16.10). 

Suppose that F\ = F 2 and (Mi,0) = (M 2 ,0). The tangent map 
of (phase on T Mi is d0b ase |o = id because of (16.11). The group of 
all automophisms of (M l5 0) as F-manifold is finite (Theorem 14.1). 
Therefore (phase = id. □ 

Remarks 16.5. i) The rigidity of the base morphism (phase i n Theorem 
16.4 is in sharp contrast to the general situation for deformations of 
geometric objects. Usually only a part of the base space of a miniversal 
deformation is rigid with respect to automorphisms of the deformation. 

ii) The reason for the rigidity are, via Theorem 14.1 and Theorem 
10.2, the canonical coordinates at generic parameters. The correspond- 
ing result for singularities is that the critical values of F form coordi- 
nates on the base at generic parameters. It had been proved by Looi- 
jenga [[LoT |. 



iii) Because of this rigidity also the openness of versality (e.g. [[Tei|| ) 
takes a special form: For any point t G M in a representative of the 
base space (M, 0) = (C M , 0) of a semiuniversal unfolding F, Theorem 
4.2 yields a unique decomposition (M, t) = Ylk=i(Mk, t) into a product 
of irreducible germs of F-manifolds. These germs (M^,t) are the base 
spaces of semiuniversal unfoldings of the singularities of -F|c m x{t}- The 
multigerm of F at C m x {£} fi C itself is isomorphic - in a way which 
can be made precise easily- to a transversal union of versal unfoldings 
of these singularities. 

iv) The tangent space T t M = © fe=1 T t Mk is canonically isomorphic 
to the direct sum of the Jacobi algebras of singularities of -F|c m x{t}- 
The vector in T t M of the Euler field E is mapped to the direct sum of 
the classes of the function -F|c m x{*} in these Jacobi algebras. A result 
of Scherk ||Sch|| says: 

The Jacobi algebra Oc™,o/Jf of an isolated hypersurface singular- 
ity f : (C m , 0) -> (C, 0) together with the class [f] G O c ^o/Jf 
determines f up to right equivalence. 

This result shows that the base space M as an F-manifold with Eu- 
ler field E determines for each parameter t 6 M the singularities of 
-^|c m x{t} up to right equivalence and also the critical values. Theorem 
16.6 will give an even stronger result. 

v) The eigenvalues of Eo : T t M — > T t M are the critical values of 
-^1c m x{i}- Therefore the discriminant of the Euler field E is 

V = {t G M I (det(£o))(£) = 0} = n c {C n F^(0)) (16.14) 
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and coincides with the classical discriminant of the unfolding F. 

All the results of chapter 11 apply to this discriminant. Of course, 
many of them are classic in the singularity case. 

For example, Theorem 11.1 and the isomorphism q : C — > L from 
Corollary 15.2 yield an isomorphism between the development T> C 
PT*M of the discriminant and the smooth variety CC\F~ l (0) which had 
been established by Teissier [[lei| . Implicitly it is also in [ |AGV|| (19.). 



The elementary way in Corollary 11.6 how discriminant and unit 
field determine the Jacobi algebras seems to be new. But the conse- 
quence from this and Scherk's result that discriminant and unit field 
determine the singularity (up to right equivalence) is known (compare 
below Theorem 16.6 and Remark 16.7 iv)). 

Arnold studied the relation between singularities and Lagrange maps 
H5GVH (19.). His results (cf. also ffFIflU (4.7.4.1, pp 299-301), [|FE| 



] (Corollary 10)) together with those of chapter 9 yield the following 
correspondence between unfoldings and certain germs of F-manifolds. 

Theorem 16.6. a) Each irreducible germ of a massive F-manifold 
with smooth analytic spectrum is the base space of a semiuniversal un- 
folding of an isolated hypersurface singularity. 

b) Suppose, Fi : (C m » x Mj, 0) — > (C, 0), i = 1,2, are semiuniversal 
unfoldings of singularities fi : (C m %0) — > (C, 0) and ip : (M 1 ,0) — > 
(M2, 0) is an isomorphism of the base spaces as F-manifolds. Suppose 
that mi < m 2 . 

Then a coordinate change if> : (C m2 ,0) — > (C m2 ,0) exists such that 

/i(xi, ..., x mi ) + x 2 mi+l + ... + x 2 m2 = f 2 (x 1} ...,x m2 ) o if; (16.15) 



and an isomorphism (0, (phase) of the unfoldings F\ + x 2 mx+1 + ... + x 
and F20 if) exists with 



2 

in 2 



F i + x m 1+ i + ■■■ + x m 2 = F 2 oifjo(j) and <j) base = ip . (16.16) 

Proof: a) The restricted Lagrange map of the germ of a massive 
F-manifold with smooth analytic spectrum is a miniversal germ of 
a Lagrange map with smooth Lagrange variety (chapter 9). Arnold 
[|AGV|1 (19.3) constructs a generating family F^ = F^ r \x,t2,---,t,j) 



for it. Looking at the notions of stable maps and generating fami- 
lies in ||AGV|| (19.), one sees: F^ is an (r)-semiuniversal unfolding of 
F^'\x, 0) (cf. Remark 16.2 iv)). t\ + F^ is a semiuniversal unfolding 
of F^ r \x, 0). Its base space is the given germ of a massive F-manifold. 
b) The unfolding F$ is isomorphic to an unfolding t\ + 
Fi\xi,...,x mi ,t2,--.,t l j) as in Remark 16.2 iv) over the same base. 
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Then F^ is an (r)-semiuniversal unfolding and a generating family for 
the restricted Lagrange map of the F-manifold (Mi, 0). 

The isomorphism ip : (Mi,0) — > (M2,0) induces an isomorphism of 
the restricted Lagrange maps. Then the main result in |[AGV|| (19.4) 
establishes a notion of equivalence for F^ and F 2 , stable 1Z + - 
equivalence, which yields the desired equivalence in Theorem 16.6 b) 
for Fi and F 2 . D 

Remarks 16.7. i) Two isolated hypersurface singularities fi : 
(C m %0) — > (C, 0) with mi < 1712 are stably right equivalent if a co- 
ordinate change ip : (C m2 ,0) —* (C m2 ,0) with (16.15) exists. They are 
right equivalent if furthermore m\ = m-i. The splitting lemma says: 

An isolated hypersurface singularity f : (C m , 0) — > (C, 0) with 
r := m — rank( fe J x ) (0) is stably right equivalent to a singularity 

g : (C r ,0) — > (C, 0) with rank ^ J x , )(0) = 0; this singularity g is 
unique up to right equivalence. 

(For the existence of g see e.g. Q(4.2 Satz), the uniqueness of g up 
to right equivalence follows from Theorem 16.6 or from Scherk's result 
(Remark 16.5 iv)).) 

ii) Theorem 16.6 gives a 1-1 correspondence between isolated hy- 
persurface singularities up to stable right equivalence and irreducible 
germs of massive F-manifolds with smooth analytic spectrum. 

But the liftability of an isomorphism ip : (Mi,0) — ► (M2,0) to un- 
foldings which is formulated in Theorem 16.6 b) is stronger. The 1-1 
correspondence itself follows already from Theorem 16.6 a) and Scherk's 
result (Remark 16.5 iv)). 

iii) The proof of Theorem 16.6 a) is not so difficult. If (M, 0) is 
an irreducible germ of a massive F-manifold with analytic spectrum 
(L, A) C T*M, then a sufficiently generic extension of a generating 
function on (L, A) to a function on (T*M, A) is already a semiuniversal 
unfolding over (M, 0). A version different from [ |AGV|| (19.3) of the pre- 
cise construction is given by Pham [[Phl|| (4.7.4.1, pp 291-301), following 
Hormander. 

iv) Theorem 16.6 b) follows also from flPh2|1 (again following 
Hormander) and from |[Wi|| (Corollary 10). To apply Wirthmiillers ar- 
guments one has to start with the discriminant T> and the unit field. 



Pham |Phl|||ph2jl starts with the characteristic variety. That is the 



cone in T*M of the development T> C FT*M of the discriminant. 
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A semiuniversal unfolding F : (C m x M, 0) — > (C, 0) yields data as 
in Corollary 15.2 for the germ (M, 0) of an F-manifold: 

(Z, 0) = (C m x M, 0), a z = dF . (16.17) 

The semiuniversal unfolding F is also a generating family of (M, 0) as 
germ of an F-manifold in the sense of Definition 15.4. 

The following observation says that these two special cases Corollary 
15.2 and Definition 15.4 of the general construction of F-manifolds in 
Theorem 15.1 meet only in the case of unfoldings of isolated hypersur- 
face singularities. 

Lemma 16.8. Let Z, M, nz, C, atz, ao, and F : Z — » C satisfy all the 
properties in Corollary 15.2 and Definition 15.4- 

Then C is smooth. For any point p G M the multigerm F : 
(Z,C n tt^p)) — > C is isomorphic to a transversal product of ver- 
sal unfoldings of the singularities of F\ir~^ (jp) (cf. Remark 16.5 Hi)). 
The irreducible germs (M^,p) of F-manifolds in the decomposition 
(M,p) = E[fc=i(^fe,p) are base spaces of semiuniversal unfoldings of 
the singularities of F\ti'^ 1 (p). 

Proof: The isomorphism a^ : Tm ~^ (^cO^c of Corollary 15.2 
restricts at p G M to a componentwise isomorphism of algebras 
i 
T p M = Q)T p M k -»■ (Jacobi algebra of F\{<k^-(j)),z)). 
k=1 zeCnn^ip) 

One applies Theorem 16.1. □ 

17. Boundary singularities 

The last chapter showed that germs of F-manifolds with smooth an- 
alytic spectrum correspond to isolated hypersurface singularities. The 
simplest nonsmooth germ of an analytic spectrum of dimension n is 
isomorphic to 

({(x,y)eC 2 \xy = 0},0)x(C n -\0). 

We will see that irreducible germs of massive F-manifolds with such 
an analytic spectrum correspond to boundary singularities (Theorem 
17.6). Boundary singularities had been introduced by Arnold [ |Ar2 



Because of the similarities to hypersurface singularities we will develop 
things parallel to chapter 16. 

We consider a germ (C m+1 ,0) with coordinates xq, ...,x m always to- 
gether with the hyperplane H := {x G C m+1 | Xq = 0} of the first 
coordinate. A boundary singularity (/, H) is a holomorphic function 
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germ / : (C m+1 ,0) — > (C, 0) such that / and f\n have isolated singu- 
larities at 0. It can be considered as an extension of the hypersurface 
singularities / and f\n- 
Its Jacobi algebra is 

df df df 

O c ^, /Jf,H ■= O cm+ifi /(x —, — , ...., — ) , (17.1) 

its Milnor number /i = n(f,H) := dimC C m+i o/JfH satisfies 
((S(§3), @(§2)) 

A* = /*(/)+ A*(/k) ■ (17-2) 

An unfolding of (/, H) is simply a holomorphic function germ F : 
(C m+1 x C\0) -»■ (C,0) such that F|C m+1 x {0} = /, that is , an 
unfolding of /. Again we write the parameter space as (M, 0) = (C n , 0). 
But the critical space (C, 0) C (C m+1 x M, 0) of F as unfolding of 
the boundary singularity (/, H) is the zero set of the ideal 

, dF 8F OF, 

Jf,H ■■= (^O^—,^— ,•-, a ) ( 17 - 3 ) 

OX® OX\ ox m 

with the complex structure Oc,o = Ocm,+i X M,o/ 'Jf,h\(C,o) (cf. @)- 
Forgetting the complex structure, (C, 0) is the union of the critical 
sets (C^\ 0) of F and (C^ 2 \ 0) of F\hxm as unfoldings of hypersurface 
singularities. 

For the same reasons as in the hypersurface case the projection pr : 
(C, 0) — > (M, 0) is finite and flat with degree \i and 0^,0 is a f ree 
(!?M,(r mo dule of rank jjl. The 1-form 

az := ~^ X ° + dF = z. ^ + L ^ ( 17 - 4 ) 

on (Z, 0) := (C m+1 x M, 0) gives rise to a kind of Kodaira-Spencer map 
&c : T A/ , -> O c , , X » a z (X)\ {c ,o) , (17.5) 

where X is any lift of X e T^q to (Z, 0). It induces a reduced Kodaira- 
Spencer map 

a c | : T M -> 0&+\ Q /Jf,H • (17-6) 

The ideal J^h and the maps a c and ac|o behave well with respect to 
morphisms of unfoldings, as we will see. 

A morphism between two unfoldings F\ and F 2 as in chapter 16 of 
a boundary singularity (/, H) is a pair (0, <pbase) of a map germ with 
(16.4)-(16.6) and additionally 

<j>{H x Mi) C H x M 2 . (17.7) 
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Then the first entry of <p takes the form xq ■ unit G Oz,o- Using this 
one can see with a bit more work than in the hypersurface case that 
the critical spaces behave well with respect to morphisms: 

<P*J F2 = J Fl and (Ci,0) = (j)' 1 ((C 2 , 0)) . (17.8) 

Also the Kodaira-Spencer maps behave as well as in the hypersurface 
case. The C>Mi,o-linear maps debase, ac 2 , and 4>*\(c 2 ,o) are defined as in 
(16.7)-(16.9); one finds again 

aci = 0*l(c 2 ,o) ° a C2 o d<p base (17.9) 

and 

acjo = ac 2 |o #6a S e|o • (17.10) 

Versal and semiuniversal unfoldings of boundary singularities are de- 
fined analogously to the hypersurface case and exist. 

Theorem 17.1 (pSf^). An unfolding F : (C m+1 x M, 0) -> (C, 0) of 
a boundary singularity (f,H), f : (C m+1 ,0) — > (C, 0), is versal iff the 
reduced Kodaira-Spencer map ac|o : T M — > Oc™,+i t o/Jf,H is surjective. 
It is semiuniversal iff sl c \o is an isomorphism. 

Remarks 17.2. i) ac|o is surjective (an isomorphism) iff &c is surjec- 
tive (an isomorphism). 

ii) F(xq, ..., x m , ti, ■■■,tf J ) = f+J2i=i m iti is a semiuniversal unfolding 
of the boundary singularity (f,H) if mi, ...,77^ G O^+M represent a 
basis of Ocm+ifi/Jf^H- 

iii) The critical space of an unfolding F : (Z, 0) = (C m+1 x M, 0) -> 
(C, 0) of a boundary singularity (/, H) is reduced and isomorphic to 
({(x, y) G C 2 | xy = 0}, 0) x (C n_1 , 0) iff g, ..., J^ represent a gener- 
ating system of the vector space rn^oAO^o) + m| ). This is equivalent 
to the nondegeneracy condition 

d 2 F d 2 F 



dxidxj dxidtk 




rank | 9x f^ dx f* k | (0)=m+l (17.11) 



(cf. |[NN|| ). It is satisfied for versal unfoldings. 



iv) As in Remark 16.2 v) for hypersurface singularities, one can define 
generalized morphisms between unfoldings of right equivalent bound- 
ary singularities. Again the critical spaces and Kodaira-Spencer maps 
behave well. 
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Theorem 17.3. Let F : (C m+1 x M, 0) -»• (C, 0) be a semiuniversal 
unfolding of a boundary singularity (f,H). 

The Kodaira- Spencer map ac : 7m,o —> Oc,o is an isomorphism and 
induces a multiplication on Tm,o- Then (M, 0) is an irreducible germ of 
a massive F-manifold with analytic spectrum isomorphic to ({(x,y) G 
C 2 | xy = 0},0) x (C -1 ^). The field E := a c (F\ c ) is an Euler field 
of weight 1 . 

Proof: Similar to the proof of Theorem 16.3. One wants to apply 
Corollary 15.2 and has to show that otz\c rRg is exact. The critical space 
(C, 0) as a set is the union of the smooth zero sets (C^ 1 ) , 0) of Jp 
and (C( 2 \ 0) of the ideal (x , Jg, ...., g). The definition (17.4) of a z 
shows 

a z\(c^,o) = dF\ {c(l)fi) for i = 1,2 . (17.12) 

Therefore otz\c Te is exact and F|c ° q _1 is a holomorphic generating 
function of the analytic spectrum. □ 

Theorem 17.4. Let F t : (C m+1 x M h 0) -»■ (C,0), i = 1,2, 6e iwo 
semiuniversal unfoldings of a boundary singularity (f,H). 

There exists a unique isomorphism tp : (M 1; 0) — »■ (M 2 ,0) o/ F- 
manifolds such that (phase — V 9 / or an ?/ isomorphism ((f), (phase) °f the 
unfoldings Fi and F 2 . 

Proof: Similar to the proof of Theorem 16.4. □ 

Remarks 17.5. i) Let F : (C m+1 x M, 0) -»• (C, 0) be a semiuniversal 
unfolding of a boundary singularity (/, i7 ) with critical space (C, 0) = 
(C (1) ,0) U (C( 2 ),0). For any t G M the points in C m+1 x {£} n (C, 0) 
split into three classes: The hypersurface singularities of F|C m+1 x {£} 
in C^ —C( 2 \ the hypersurface singularities of F\H x {£} in C^ — C^\ 
and the boundary singularities of F|C m+1 x {t} in C^ fl C^. 

The algebra C^C" 1 " 1 " 1 x {0} is the direct sum of their Jacobi algebras. 
The reduced Kodaira-Spencer map at t G M is an isomorphism from 
T t M to this algebra. 

Hence the multigerms of F at C m+1 x {t} n C (1) and of F\H x M 
at H x {£} fl (C^ 2 -* — C^ 1 -*) together form a transversal union of versal 
unfoldings of these hypersurface and boundary singularities. 

The components (M k ,t) of the decomposition (M,t) = Y\ k=1 {M k ,t) 
into irreducible germs of F-manifolds are bases of semiuniversal unfold- 
ings of the hypersurface and boundary singularities. 

ii) The eigenvalues of Eo : T t M — ► T t M are by definition of E the 
values of F on C m+1 x {£} n C. The discriminant of the Euler field is 

V = {teM \ (det(£o))(£) = 0} = tv c (C n F _1 (0)) . (17.13) 
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It is the union of the discriminants of F and F\H x M as unfoldings of 
hypersurface singularities and coincides with the classical discriminant 
of F as unfolding of a boundary singularity [[Ar2|||Sz|| . All the results 
of chapter 11 apply to this discriminant. 

Nguyen huu Due and Nguyen tien Dai studied the relation between 
boundary singularities and Lagrange maps ||NN|| . Their results together 



with chapter 9 yield the following correspondence between unfoldings 
of boundary singularities and certain germs of F-manifolds. 

Theorem 17.6. Let (M, 0) be an irreducible germ of a massive F- 
manifold with analytic spectrum (L, A) isomorphic to 

({(x,y)eC 2 \xy = 0},0)x(C n ~\0) 

and ordered components (L^\ A) U (L^ 2 \ A) = (L, A). 

a) There exists a semiuniversal unfolding F of a boundary singularity 
such that the base space is isomorphic to (M, 0) as F-manifold and the 
isomorphism q : (C, 0) — > (L, A) maps C® to L^\ 

b) Suppose, Fi : (C mi+1 x Mi, 0) — > (C, 0), i = 1,2, are semiuniversal 
unfoldings of boundary singularities (fi,Hi) and <p : (Mi,0) — > (M 2 ,0) 
is an isomorphism of the base spaces as F-manifolds. Suppose that 
mi < m 2 . 

Then a coordinate change ip : (C m2+1 ,0) — » (C m2+1 ,0) with 
tp((H 2 ,0)) = (H2,0) exists such that 

fx(x , ...,x mi )+ x 2 mi+l + ... + x 2 m2 = f 2 (x , ..., x m2 ) o ip (17.14) 

and an isomorphism (0, (phase) of the unfoldings Fi + x 2 mx+x + ... + x 2 m ^ 
and F 2 o ip of boundary singularities exists with 

F i + x2 mi +i + ■■■ + x m 2 = F 2 o^po(t) and (j) base = ip . (17.15) 

Proof: a) In JNNJ (Proposition 1) an unfolding F : (C m+1 xM,0)^ 
(C, 0) with nondegeneracy condition (17.11) of a boundary singularity 
is constructed such that F is a generating family for L^ C T*M and 
F | H x M is a generating family for L^ 2 \ 

One can show that there are canonical maps C^ l > — > lS l > which com- 
bine to an isomorphism q : C — > L with a^ = qoa (as in Theorem 15.1). 
Then the Kodaira- Spencer map ac : Tm,q —> Cc,o is an isomorphism 
and F is a semiuniversal unfolding of a boundary singularity. (Implic- 
itly this is also contained in |NN|| (Theoreme)). Because of a^ = qo a 



its base is (M, 0) as F-manifold. 

b) pg] (Proposition 3). □ 

Remarks 17.7. i) Two boundary singularities fi : (C™ i+1 ,0) — > (C, 0) 
with mi < m 2 are stably right equivalent if a coordinate change ip as 
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in Theorem 17.6 b) exists. They are right equivalent if furthermore 
mi = 1712- A splitting lemma for boundary singularities is formulated 
below in Lemma 17.8. 

ii) Theorem 17.6 gives a 1-1 correspondence between boundary singu- 
larities up to stable right equivalence and irreducible germs of massive 
F-manifolds with analytic spectrum (L, A) = ({(#, y) € C 2 | xy = 
0}, 0) x (C 2 , 0) and ordered components (L^\ A) U {L^ , A) = (L, A). 

hi) Interchanging the two components of (L, A) corresponds to a 
duality for boundary singularities which goes much further and has 
been studied by I. Shcherbak, A. Szpirglas |S^| [^S1| | |SS2|| , and others. 



Lemma 17.8. (Splitting lemma for boundary singularities) 
A boundary singularity (f,H) with f : (C m+1 ,0) — » (C, 0) and H = 
{x | Xq = 0} is stably right equivalent to a boundary singularity g : 
(C"+i ; o) -> (C, 0) in 

r + 1 = max(2; m + 1 - rankf ^*"' Xl ' -' Xm) ) (0)) (17.16) 

v OXiOXj 

coordinates. The boundary singularity g is unique up to right equiva- 
lence. 

Proof: Existence of g: The group G = Z 2 acts on (C m+1 ,0) by 
(xq, Xi, ..., x m ) i— > (±x , Xi, ..., x m ). Boundary singularities on the quo- 
tient (C m+1 ,0) correspond to G-invariant singularities on the double 
cover, branched along H ( |[AGV| 17.4). 

One applies an equivariant splitting lemma of Slodowy |5J(4.2 Satz) 
to the G- invariant singularity /(x 2 ,, xi, ..., x m ). The nondegenerate qua- 
dratic part of the G-invariant singularity in splitted form does not con- 
tain Xq because / is not smooth. 

Uniqueness of g: This follows with Theorem 17.6 b). □ 

The following two observations give some information on generating 
families in the sense of Definition 15.4 for the F-manifolds of boundary 
singularities. The first one gives a distinguished generating family and 
is essentially well known. The second one explains why B2 = ^(4) is 
missing in Example 15.5 b). 

Lemma 17.9. a) Let F : (Z, 0) = (C m+1 x M, 0) -»• (C, 0) be a semi- 
universal unfolding of a boundary singularity (f, H) . 

Then the function F : (Z,0) = (C m+1 xM,0) -> (C, 0) withF(x,t) = 
F(xq, Xi, ..., x m , t) is a generating family for the germ (M, 0) of an F- 
manifold. 
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The finite map q : C — > L = L^ l > U L^ from its critical set C to 
the analytic spectrum L has degree 2 on L^ and degree 1 on L^ . The 
branched covering C — > M has degree 2/i(/) + fi(f\n)- 

b) Let (M, 0) be a germ of a massive F-manifold with analytic spec- 
trum (L,X) = {{{x,y) e C 2 | xy = 0},0) x (C n -\0). There does not 
exist a generating family F : (Z, 0) — > (C, 0) with critical set C such 
that the canonical map q : C —* L is a homeomorphism. 

Proof: a) Consider the branched covering tiq '■ Z — > Z, 
(xo, ...,x m , t) i—* (xq, x\, ■■■,x m , t) which is induced by the action 
(xo, ..., x m , t) i— ► (±Xq,Xi, ...,x m ,t) of the group G = Z 2 on Z. The 
composition F = F o n G is an unfolding of the G-invariant singular- 
ity F|(C m+1 x {0},0), in fact, semiuniversal within the G-invariant 
unfoldings (cf. 0(4.5)). The ideals 

OF OF dF 

J, = (2xo • (— o ffG ), — o Wo , .... — o vr G ) (17.17) 

and tiqJf,h have the same zero sets C = ttq (C). 

Comparison of ag = dF on Z and otz = —-j^-dxo + dF on Z 
(formula (17.4)) shows that the map a^ : T M $ — >■ O^ factor- 
izes into the Kodaira-Spencer map a c : T M $ — > Oc,o and the map 

7TgI(c,o) : O c ,o -> Cg.o- 

Therefore ag is injective with multiplication invariant image and 
induces the correct multiplication on T Mfi . The rest is clear. 

b) Assume that such a generating family F exists. (L, A) is its own 
maximalisation. Therefore the homeomorphism q is an isomorphism. 

Then a G = q o a (cf. Definition 15.4 and Theorem 15.1) is an iso- 
morphism. We are simultaneously in the special cases Definition 15.4 
and Corollary 15.2 of Theorem 15.1. By Lemma 16.8 (L, A) is smooth, 
a contradiction. □ 

18. COXETER GROUPS AND F-MANIFOLDS 

The complex orbit space of an irreducible Coxeter group is equipped 
with the discriminant, the image of the reflection hyperplanes, and with 
a certain distinguished vector field (see below), which is unique up to 
a scalar. Together they induce as in Corollary 11.6 the structure of an 
F-manifold on the complex orbit space (Theorem 18.1). This follows in- 
dependently from |Dul| |Pu2| (Lecture 4) and from |Ci2|| (Theorem 14). 

In fact, both give stronger results. Dubrovin established the struc- 
ture of a Frobenius manifold. This will be discussed in chapter 19. 
Givental proved that these F-manifolds are distinguished by certain 
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geometric conditions (Theorem 18.4). With one additional argument 
we will show that the germs of these F-manifolds and their products are 
the only germs of simple F-manifolds whose tangent spaces are Frobe- 
nius algebras (Theorem 18.3). This complements in a nice way the 
relation between Coxeter groups and simple hypersurface and bound- 
ary singularities. 

We will also present simple explicit formulas for these F-manifolds 
which are new for H$ and H 4 (Theorem 18.5). 

A Coxeter group is a finite group W of linear transformations of 
the Euclidean space M. n generated by reflections in hyperplanes. Each 
Coxeter group is the direct sum of irreducible Coxeter groups. They 
are (§§) A n (n > 1), D n (n > 4), E 6 , E 7 , E 8 , B n , (n > 2), F 4 , 
G 2 , H 3 , H 4 , I 2 {m) (m > 3) with A 2 = J 2 (3), B 2 = J 2 (4), H 2 := / 2 (5), 
G 2 = / 2 (6). 

The Coxeter group W acts on C n = M™ ®r C and on C[xi, ■■■,x n ], 
where xx,...,x n are the coordinates on C n . The ring C[xi, ...,x n ] w 
of invariant polynomials is generated by n algebraically independent 
homogeneous polynomials Pi,...,P n . Their degrees di := degPj are 
unique (up to ordering). The quotient C n /W is isomorphic to C n as 
affine algebraic variety. The C*-action and the vector field X^^tJ - on 
the original C n induce a C*-action and a vector field Yl^i^ on the 
orbit space C n /W = C n . The image in the orbit space of the union of 
the reflection hyperplanes is the discriminant T> of the Coxeter group. 

Suppose for a moment that W is irreducible. Then there is precisely 
one highest degree, which is called the Coxeter number h. The degrees 
can be ordered to satisfy 

d x = h> d 2 > ...> d n -! > d n = 2 , (18.1) 

di + d n+1 _i = h + 2. (18.2) 

The vector field e := -J^- is unique up to a scalar. 

Theorem 18.1. The complex orbit space M := C n /W = C n of an 
irreducible Coxeter group W carries a unique structure of a massive 
F-manifold with the unit field e — ^- and the discriminant V. The 
discriminant T> corresponds to the Euler field 

1 - " r) 

E = - h J2^ar, (18 - 3) 

of weight 1. 

Proof: The uniqueness follows from Corollary 11.6. 
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The existence follows from Dubrovin's result ( |Pul|||pu2|| (Lecture 



4), cf. Theorem 19.1) or Givental's result ||Gi2|| (Theorem 14) together 
with Theorem 9.4. 

Below in Theorem 18.5 we will follow Givental and reduce it to clas- 
sical results on the appearance of discriminants in singularity theory 

^^JLg^hTJ). □ 



Remarks 18.2. i) Corollary 11.6 gives probably the most elementary 
way how e and T> determine the multiplication on the complex orbit 
space M = C n /W = C n , at least at a generic point: the e-orbit of a 
generic point p e M intersects T> transversally in n points. One shifts 
the tangent spaces of T> at these points with the flow of e to T P M. Then 
there exists a basis ei,...,e n of T p M such that Y^=i e * = e anc ^ sucn 
that the hyperplanes ©j^,- C • e^, j = 1, ...,n, are the shifted tangent 
spaces of V. The multiplication on T P M is given by e* o ej = S^ei. 

ii) The unit field e = ■£- is only unique up to a scalar. The flow 
of the Euler field respects the discriminant T> and maps the unit field 
e and the multiplication to multiples, because of Liee(e) = — e and 
Lie^(o) = o. 

Therefore the isomorphism class of the F-manifold (M, o y e,E) is 
independent of the choice of the scalar. 

iii) The complex orbit space of a reducible Coxeter group W is iso- 
morphic to the product of the complex orbit spaces of the irreducible 
subgroups. The discriminant decomposes as in Remark 11.2 iv). Now 
any sum of unit fields for the components yields a unit field for C n /W. 
The choices are parametrized by (C*)l jr,r - su6 ^oups| _ g u ^. ^e resulting F- 
manifold is unique up to isomorphism. It is the product of F-manifolds 
for the irreducible subgroups. This F-manifold and its germ at will 
be denoted by the same combination of letters as the Coxeter group. 

Theorem 18.3. Let ((M,p),o,e) be a germ of a massive F-manifold. 
((M, p),o,e) is simple and T p M is a Frobenius algebra if and only 
if ((M, p),o, e) is isomorphic to the germ at of an F-manifold of a 
Coxeter group. 

This builds on the following result, which is a reformulation with 
chapter 9 of a theorem of Givental [ |Gi2| | (Theorem 14). The Theorems 
18.3, 18.4, and 18.5 will be proved below in the opposite order. Some 
arguments on H3 and if 4 in the proof of Theorem 18.4 will only be 
sketched. 

Theorem 18.4. (Givental) a) The F-manifold of an irreducible Cox- 
eter group is simple. The analytic spectrum (L, A) of its germ at is 



MULTIPLICATION ON THE TANGENT BUNDLE 69 

isomorphic to ({(x, y) G C 2 | x 2 = y r },0) x (C n-1 ,0) with r = 1 for 
A n , D n , E n , r = 2 for B n , F 4 , r = 3 for H 3 , H 4 and r = m — 2 for 
him). 

b) An irreducible germ of a simple F-manifold with analytic spectrum 
isomorphic to a product of germs of plane curves is isomorphic to the 
germ at of an F-manifold of an irreducible Coxeter group. 

Finally, we want to present the F-manifolds of the irreducible Cox- 
eter groups explicitly with data as in Corollary 15.2. We will use the 
notations of Corollary 15.2. The following is a consequence of results in 
[|Bri|] [ |Ar2| |[Ly2| [|ShO|l on the appearance of the discriminants of Coxeter 



groups in singularity theory. 

Theorem 18.5. a) The germs at of the F-manifolds of the Cox- 
eter groups A n , D n , E n , B n , F 4 are isomorphic to the base spaces of the 
semiuniversal unfoldings of the corresponding simple hypersurface sin- 
gularities A n , D n , E n and simple boundary singularities B n (or C n ) and 
F 4 . 

b) For the F-manifolds (M, o, e) = (C n , o, e) of the irreducible Cox- 
eter groups, a space Z with projection ix z : Z — > M , a subspace C C Z 
and a 1-form ctz will be given such that the map 

a c : T M -► (n c )*Oc, X h-> a z (X)\ c (18.4) 

is welldefined and an isomorphism of OM-algebras. C is isomorphic 
to the analytic spectrum of (M, o,e). The Euler field is always E = 
i E"=i d iU W- The discriminant V C M is V = 7r c (a c ( J E)' 1 (0)). 

i) An, B n , H 3 , I 2 {m) : 

Z = CxM = CxC" with coordinates (x,t) = (x,t±, ...,t n ), 

a z = dt\ + xdt 2 + ... + x n ~ 1 dt n , 

h{x, t) := t 2 + 2xt 3 + ... + (n - l)x n - 2 t n , 

A„: C = {{x, t) E Z I x n - t 2 = 0}, 

C = {(x,t) E Z \ x- (x"- 1 - 1 2 ) = 0}, 
C = {(x,t) E Z I x 3 -f 2 2 = 0}, 

j 2 ( m ) : c = {{x,t) ez I x 2 - t 2 m ~ 2 = 0}. 

ii) D4, F4, H4 : 
Z = C 2 x M = C 2 x C 4 with coordinates (x,y,t) = (x, y, ti, ...,£4), 
az = dt\ + xdt 2 + ydts + xydt^, 
t 2 (x, y, t) := t 2 + yt 4 , t 3 (x, y, t) := t 3 + xt 4 , 

D 4 : C={(x,y,t)eZ \x 2 + t 2 = 0,y 2 + t 3 = 0}, 
F 4 : C = {(x,y,t)eZ \ x 2 + h = 0, y 2 + h = 0}, 
H 4 : C = {(x, y, t) e Z \ x 2 + t 2 = 0, y 2 + h = 0}. 



H 3 
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Hi) D n , E 6 , E 7 , E s : 
Z = C 2 x M = C 2 x C n with coordinates (x, y, t) = (x, y, ti, ..., t n ), 
F : Z — > C a semiuniversal unfolding of F\C 2 x {0} ; 
a z = J27=i W dt i ( or a z = dF), 
C = {(x,y,t)eZ\^ = %=0}, 

D n : F = x"- 1 + xy 2 + ^J? x*~H t + yt [n/2]+1 + £r=[n/2] +2 x^U, 
F = x A + y 3 + ti + xt 2 + yt 3 + x 2 t A + xyt 5 + x 2 yt & , 
F = x 3 y + y 3 + t x + xt 2 + yt 3 + x 2 U + xyt 5 + x% + x%, 
F = x 5 + y 3 + ti + xt 2 + yt 3 + x 2 t 4 + xyt 5 + x 3 t e + x 2 yt 7 + x 3 yt & 



E 7 
Eh 



Proof of Theorem 18.5: a) One can choose a semiuniversal un- 
folding F = f(xi, ...,x m ) + YH=i m iti °f the hypersurface or boundary 
singularity which is weighted homogeneous with positive degrees in all 
variables and parameters. There is an isomorphism from its base space 
C n to the complex orbit space of the corresponding Coxeter group 
which respects the discriminant, the Euler field, and the unit field 
( HBri||fA"r2]| ). It respects also the F-manifold structure (Corollary 11.6). 



b) i) for I 2 (m) is Remark 15.5 a), i) for A n ,B n and ii) for Z} 4 fol- 
low with a), with semiuniversal unfolding as in a) for the singularities 
-^x n+1 (AO, (-±x n + y 2 ,H= {x = 0}) (B n ), ±x 3 + ly 3 {D A ). Also 
iii) follows with a). 

The same procedure gives for the boundary singularity (^y 2 + 
|a; 3 , H = {y = 0}) (F 4 ) the data in ii) with critical set 

C = {(x,y,t) eZ\x 2 + i 2 = 0,y 2 + yh = 0}. (18.5) 

It is a nontrivial, but solvable exercise to find compatible automophisms 
of Z and M which map C to C and az to az modulo Ic&z- I n de- 
pendently of explicit calculations, the proof of Theorem 18.4 will show 
that the data (Z, az, C) in ii) correspond to F 4 . 

The data in i) for H 3 and in ii) for if 4 can be obtained from results 
of O.P. Shcherbak (| gEO| pp 162, 163; |G3| Proposition 12) (for H 3 



ry 

/ (u 2 + x) 2 du + ti + xt 2 + x% (18.6) 

Jo 



one could use instead |Ly2| ). The unfoldings 

Fh 3 

Jo 

of D 6 and 

ry 
Fh 4 = (u 2 + t 3 + xt A ) 2 du + x 3 + t x + xt 2 (18.7) 

Jo 

of Es have only critical points with even Milnor number and are max- 
imal with this property. Their discriminants are isomorphic to the 
discriminants of the Coxeter groups H 3 and H±. The unfoldings are 
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generating families in the sense of Definition 15.4 for the F-manifolds 
of the Coxeter groups H 3 and H4. We will determine the data in ii) for 
H4 from Fh 4 ] the case H 3 is similar. 
Consider the map 

: C 2 x C 4 -> Z = C 2 x C 4 , (x, y, t) i-> (x, y, t), (18.8) 

/■J/ 2 

y(x,y,t):= 2(u 2 + t 3 + xt 4 )du = -y 3 + 2(t 3 + xU)y , (18.9) 
Jo -J 

and observe 

dFjf 4 = (Sx 2 + t 2 + yti)dx + (y 2 + £ 3 + xt^fdy 

+dt\ + xdi 2 + y^3 + a^£ 4 , (18.10) 

-S/ 2 + 4(£ 3 + a;t 4 ) 3 = (y 2 + h + ^4) V + 4(J 3 + art 4 )) • (18.11) 

Therefore 

dF dF 

<P*( az )=dF-—dx-—dy (18.12) 

" ox ay 

and the image under <f> of the reduced critical set Cp of F# 4 is 

<f)(C F ) = {{x,y,t) e Z I 3a; 2 + t 2 + yU = 0, (18.13) 

— y 2 + t 3 + xt A = 0} . 
16 

An automorphism 

Z -»■ Z, {x,y,t 1 ,t 2 ,t 3 ,U) !-»• (r _1 x, s _1 y, ti,rt 2 , st 3 ,rst 4 ) (18.14) 

for suitable r, s G C* maps (j)(Cp) to C and respects 7r^ and a^, together 
with the induced automorphism M — ► M. □ 

Sketch of the proof of Theorem 18.4: a) Consider the data in 
Theorem 18.5 b). The Euler field on M = C n is E = \ J2 1 diU^-. The 
coefficients of the Lyashko-Looijenga map A : M — > C n are up to a 
sign the symmetric polynomials in the eigenvalues of Eo. Because of 
LieE{Eo) = Eo, the coefficient A$ is weighted homogeneous of degree 
i with respect to the weights (^-, ..., ^-) for (ti, ...,t n ). The Lyashko- 
Looijenga map is a branched covering of degree 

h 

and (M, o,e) is simple (Corollary 14.4 b)). The analytic spectrum is 
isomorphic to C. 

b) The dimension dim(Mfc,p) of an irreducible germ in the decom- 
position (M,p) = Ylk=i(Mk,p) of a germ of a massive F-manifold is 



n\ ■ (\\_-f-Y 1 = n\h n ■ \W\~ l (18.15) 
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equal to the intersection multiplicity of T*M with the corresponding 
germ (L, A&) of the analytic spectrum L. This number will be called 
the intersection multiplicity IM(Afc). 

(Sfj,(q),q) denotes for any q E M the /i-constant stratum through q 
(chapter 14), and l(q) the number of irreducible components of (M, q). 
For any subvariety S C L we have the estimates 

max(Z(g)|g G n{S)) <n + l- mm(IM(a)\a E S) , (18.16) 
max (dim (5^ (9), q) \ q E S) > dimS , (18.17) 

max(mod A j(M, q) \ q E S) 

+n + 1 - min(JM(a) | a E S) > dim S . (18.18) 

Therefore, if M is simple then 

min(/M(cx) | a E S) < n + 1 - dim S (18.19) 

for any subvariety S C L. 

Now suppose that ((M, p),o,e) is an irreducible germ of a simple 
F-manifold and that <fi : (M,p) — > niLi(Cj;0) i s an isomorphism to a 
product of germs of plane curves (they are necessarily plane because of 
Proposition 7.4). 

If at least two curve germs were not smooth, e.g. (C n _i,0) and 
(C n , 0), then the intersection multiplicities IM(p) for points p in Si : = 
_1 (nr=i (C*j 0) x {0}) were at least 4; but dim(Si,p) = n — 2, a 
contradiction to (18.19). So, at most one curve, e.g. (C n , 0), is not 
smooth. 

The irreducible germs of F-manifolds which correspond to generic 

points of 7r(S , 2) for S2 '■= -1 (riT=L (^U 0) x {0}) are a ^ m ost 2- 
dimensional because of (18.19). Therefore 

(C n , 0) = ({(x, y) G C 2 I x 2 = /}, 0) (18.20) 

for some r6N. If r > 4 and n > 3 then the set of possible intersection 
multiplicities for points in 52 has a gap at 3 and a subvariety S3 C S2 
exists with dimS 3 = n-2 and min(IM(cr) | a E S 3 ) > 4 iGi2|(p 3266), 
a contradiction to (18.19). Therefore r G {1,2,3} or n < 2. 

If r G {1,2} then (M, p) is the base space of a semiuniversal unfolding 
of a hypersurface singularity (r = 1, Theorem 16.7, |[AGV|] (19.)) or 
boundary singularity (r = 2, Theorem 17.7, |[NN|| ) . Simplicity of their 
F-manifolds corresponds to simplicity of the singularities. The simple 
hypersurface singularities are A n , D n , E 6 , E?, E 8 |[AGV| . The simple 



boundary singularities are B n ,C n , and F 4 [|Ar2|| [ |AGV|| . B n and C n 
are dual boundary singularities and have isomorphic discriminants and 
F-manifolds. 
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The details of the case r = 3 ( ||Gi2| pp 3269-3271) are difficult and 



will not be given here. In that case the set of possible intersection 
multiplicities for points in £2 has a gap at 5. If n > 6 then a subvariety 
S4 C S2 exists with dim £4 = n — 4 and min(JM(a) | a G £4) > 6, a 
contradiction to (18.19). The case r = 3, n = 3 corresponds to H 3 , the 
case r = 3, n = 4 corresponds to if 4. □ 

Proof of Theorem 18.3: It is sufficient to consider an irreducible 
germ ((M, p), o, e). If it corresponds to a Coxeter group then it is simple 
(Theorem 18.4 a)) and T P M is a Frobenius algebra (Theorem 18.5 b)). 

Suppose that (M, p) is simple and that T p M is a Frobenius algebra. 
We will show by induction on the dimension n = dimM that the 
analytic spectrum (L, A) is isomorphic to ({(2, y) G C 2 | x 2 = y r }, 0) x 
(C n_1 , 0) for some r G N. 

This is clear for n = 2. Suppose that n > 3. The maximal ideal 
of T p M is called m. The socle Ann^ m ( m ) of the Gorenstein ring 
T p M has dimension 1, therefore AnnT p A/(m) 5 m and m 2 7^ 0. In the 
equations for the analytic spectrum (L, A) C T*M one can eliminate 
fiber coordinates which correspond to m 2 C T p M: the embedding 
dimension of (L, A) is 

m 

embdim(L, A) < n + dim — - < In - 2 (18.21) 

m^ 

(Lemma 15.3). Then (L, X) S (C 2 ,0) x (L", A") (Propositiom 7.4). 
There exists A2 G L close to A such that (L, \ 2 ) = (L, A) and 7r(A2) is 
not in the e-orbit of p. 

Now for all q near p, but outside of the e-orbit of p the germ (M, q) is 
reducible because of mod M (M, p) = 0. For all q near p the germ (M, g) 
is simple and T q M is a Frobenius algebra (Lemma 1.2). 

One can apply the induction hypothesis to the irreducible component 
of (M, 7r(A2)) which corresponds to A2. Its analytic spectrum (Z/, A') is 
isomorphic to a product of a smooth germ and a curve as above. Now 
(L,X) = (L,A 2 ) = (C n ^ dimL ',0) x (L',X'). One applies Theorem 18.4 
b). □ 

19. Coxeter groups and Frobenius manifolds 
K. Saito [ SaK2] introduced a flat metric on the complex orbit space of 



an irreducible Coxeter group. Dubrovin |Pul|| [ pu2[| (Lecture 4) showed 



that this metric and the multiplication and the Euler field from Theo- 
rem 18.1 together yield the structure of a massive Frobenius manifold 
on the complex orbit space (Theorem 19.1). 
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The Euler field has positive degrees. Dubrovin |Pul|| |Pu2| (p 268) 
conjectured that these Frobenius manifolds and products of them are 
the only massive Frobenius manifolds with an Euler field with positive 
degrees. 

We will prove this conjecture (Theorem 19.3). Theorem 18.3, which 
builds on Givental's result (Theorem 18.4, | |Gi2| | (Theorem 14)), will be 
crucial. 



We use the same notations as in chapter 18. A metric on a complex 
manifold is a nondegenerate complex bilinear form on the tangent bun- 
dle. The flat standard metric on C n is invariant with respect to the Cox- 
eter group W and induces a flat metric g on M — T>. Dubrovin proved 
the following with differential geometric tools [ L)ul | [ D"u2"[ (Lecture 4 and 
pp 191, 195). 

Theorem 19.1. (Dubrovin) Let W be an irreducible Coxeter group 
with complex orbit space M = C n /W , Euler field E, a unit field e, and 
a multiplication o on M as in Theorem 18.1. 
The metric g on M — T> with 

g(X,Y):=g(EoX,Y) (19.1) 

for any (local) vector fields X and Y extends to a flat metric on M 
and coincides with K. Saito's flat metric. (M, o, e, E, g) is a Frobenius 
manifold. The Euler field satisfies 

Ue E {g) = (1 + \)g . (19.2) 



h' 

There exists a basis of flat coordinates Zi,...,z n on M with Zj(0) = 
and e — -i- and 

E =tX«--^- (19-3) 

Remarks 19.2. i) K. Saito (and also Dubrovin) introduced the flat 
metric g in a way different from formula (19.2): The metrics g and g 
on M — T> induce two isomorphisms T(M — T>) — > T*(M — T>). One 
lifts g and g with the respective isomorphism to metrics g* and g* on 
the cotangent bundle T*(M — T>). Then 

9* = Lie e (r) (19.4) 

( |Pu2|| pp 191, 195). (Here g* and g* are considered as (0, 2)-tensors.) 
K. Saito introduced g with formula (19.4). 
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ii) Closely related to (19.2) and (19.4) is ( pu2| pp 191, 270) 
dQx dQ 2 



E 



dxi dxi 



g*(dQx, dQ 2 ) = i E (dQ l o dQ 2 ) . (19.5) 



Here Qi,Q 2 € C[xi, ...,x n ] w are IV-invariant polynomials; dQ\ and 
dQ 2 are interpreted as sections in T*M; the multiplication o is lifted 
to T*M with the isomorphism TM — > T*M induced by g; %e is the 
contraction of a 1-form with E. 

The first equality is trivial. (19.5) is related to Arnold's convolution 
of invariants ( |Ar3|jGTi| ). 



iii) A Frobenius manifold as in Theorem 19.1 for an irreducible Cox- 
eter group is not unique as the unit field and the multiplication are 
not unique. Contrary to the F-manifold, it is not even unique up to 
isomorphism. There is one complex parameter between (M, o, e) and 
(M, g) to be chosen: (M, o, e,E,c- g) respectively (M, c • o, c _1 • e, E, g) 
is a Frobenius manifold for any c G C*. 

iv) We consider only Frobenius manifolds with an Euler field which 
is normalized by Lies(°) = 1 • ° (compare Remark 5.5 c)). The product 
Y[ Mi of Frobenius manifolds (Mi, o i; a, Ei, gi) carries also the structure 
of a Frobenius manifold if Lie^ (gi) = D-gi holds with the same number 
DeC for all i. This follows from Proposition 4.1, Theorem 5.3 and 
Remark 5.5 c) (compare also |Du2| (p 136)). 



v) Especially, the complex orbit space C n /W of a reducible Coxeter 
group can be provided with the structure of a Frobenius manifold if 
the irreducible Coxeter subgroups have the same Coxeter number. 

The Frobenius manifold is not unique. The different choices are 
parametrized by ^*y trr - sub9roups \ in the obvious way (cf. the Remarks 
18.2 iii) and 19.2 iii)). 

The spectrum of a Frobenius manifold (M,o,e,E,g) is defined as 
follows. V is the Levi-Civita connection of the metric g. The oper- 
ator S/E : T M —> T M , X \— > VxE, acts on the space of flat fields 
( [pu2| (p 132), |CTajfl (p 24)) and coincides there with -adE. The set 
of its eigenvalues {wi, ...,w n } is the spectrum ( ||Man|| ). If — adE acts 
semisimple on the space of flat fields then there exists locally a basis 
of flat coordinates z\, ...,z n with 

E = s ^(w i Zi + r l )— (19.6) 

t * 

for some fj eC. 

The following was conjectured by Dubrovin ( |Dul||pu^1 (p 268)). 
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Theorem 19.3. Let ((M,p),o,e,E,g) be the germ of a Frobenius 
manifold with the following properties: 
generically semisimple multiplication; 
LieE(°) = 1 • o and Liee((?) = D • g; 

E = J2 w ^ ( 19 - 7 ) 

for a basis of flat coordinates Z{ with Zi{p) = 0; 
positive spectrum (wi, ...,w n ), that is, Wi > for all i. 

Then (M,p) decomposes uniquely into a product of germs at of 
Frobenius manifolds for certain irreducible Coxeter groups. The Cox- 
eter groups have all the same Coxeter number h = j^zi- 

Proof: As in the proof of Theorem 18.4 a), the hypotheses on the 
Euler field show that the Lyashko-Looijenga map A : (Mk,p) ~^ C n is 
finite and that the F-manifold [M, o, e) is simple. One applies Theorem 
18.3 and Theorem 19.4. □ 

Theorem 19.4. Let ((M,p),o,e,E,g) be the germ of a Frobenius 
manifold such that ((M,p),o,e,E) is isomorphic to the germ at of 
the F-manifold of a Coxeter group with the standard Euler field. 

Then the irreducible Coxeter subgroups have the same Coxeter num- 
ber and ((M,p),o,e,E,g) is isomorphic to a product of germs at of 
Frobenius manifolds for these Coxeter groups. 

Proof: First we fix notations. W is a Coxeter group which acts on 
V = C n and respects the standard bilinear form. The decomposition 
of W into / irreducible Coxeter groups W\,...,Wi corresponds to an 
orthogonal decomposition V = © fc=1 V&. The choice of n algebraically 
independent homogeneous polynomials Pi, ..., P n G C[xi, ..., x n ] w iden- 
tifies the quotient M = V/W with C n . The quotient map ip : V — > M 
decomposes into a product of quotient maps ^ : V& — ► V^/Wk = M^. 
The F-manifold M = Ylk=i ^k is the product of the F-manifolds M^. 

Setting e := Y^h=\ x *7^" on ^ an d e k '■= £ \v k , the standard Euler field 
Ek on Mfc is Ek = -^-dipk^k)- Here hk is the Coxeter number of Wk- 
The Euler field on M is 

l 71 rj 

fc=l i=l * 

{wi, ..., w n } is the union of the invariant degrees of Wk, divided by hk- 

Now suppose that g is a flat metric on the germ (M, 0) such that 

((M, 0), o, e, E, g) is a germ of a Frobenius manifold with Lie^((?) = 

D • g. Consider a system of flat coordinates z\,...,z n of (M, 0) with 
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Zj(0) = 0. The space ®" =1 C • ^- of flat fields is invariant with respect 
to ad E (| |Du2| | p 132, |Man| p 24) and the space of affine linear functions 
C • 1 © ©" = i C ■ Zi C Om,o is invariant with respect to E. Because E 
vanishes at even the subspace ©™ =1 C • Zi is invariant with respect to 
E. 

The weights W\, ..., w n of E are positive. Therefore the coordinates 
Zi,...,z n can be chosen to be weighted homogeneous polynomials in 
C[ti,...,t n ] of degree wi,...,w n . Thus the spectrum of the Frobenius 
manifold is {w\, ...,w n }. It is symmetric with respect to ^, because of 
Lie^ig) = D • g; hence 1 + ■£- = D for all k = 1, ...,/. The Coxeter 
numbers are all equal, h := hi = ... = hi, the Euler field E is 

E = -dip{e) . (19.9) 

It rests to show that g is induced as in Theorem 19.1 from a metric on 
V which it the orthogonal sum of multiples of the standard metrics on 
the subspaces V^. 

The operator U = Eo : T M — > T M is invertible on M — T>. The 
metric g on M — T> with 

g{X,Y) := g{U-\X),Y) (19.10) 



is flat ( ||Du^| pp 191, 194; ffCTanB ). It lifts to a flat metric g on V - 



ip~ 1 (T>). We claim that g extends to a flat metric on the union if)~ l (T>) 
of the reflection hyperplanes. 

It is sufficient to consider a generic point p in one reflection hy- 
perplane. Then the e-orbit of ip(p) intersects D in n points; there 
exist canonical coordinates U\,...,u n in a neighborhood of ip(p) with 
d o ej = SijCi, g(ci, ej) = for i ^ j, 

n 

E = U\e\ + /](Uj + Ti)ei for some r t E C* , 

i=2 

(V,^(p)) = ({u\ Ul = 0},0). 

The map germ ip : (V,p) — > (M,ip(p)) is a twofold covering, branched 
along (V,ip(p)), and is given by {ut, ....u^) (-> {^\ ,u 2 , ...,vQ = 
(ui, ..., u n ) for some suitable local coordinates U\, ...,u n on (V,p). Then 

d d 
g{-^, -^r) = <7(4uiei, ei) = #(4£ o e t , ei) = 4#(ei, ei) , 

^ d d 1 

<7(^r, ~^) = y(ei, ej) = ■ — y(ei, e-) for z > 2 , 
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So g extends to a nondegenerate (and then flat) metric on V. 

The Coxeter group W acts as group of isometries with respect to g. 
It rests to show that the vector space structure on V which is induced 
by g (and G V) coincides with the old one. Then g is an orthogonal 
sum of multiples of the standard metrics on the subspaces 14, because 
each IF-invariant quadratic form is a sum of W^-invariant quadratic 
forms on the subspaces \4 and they are unique up to scalars. 

Let e be the vector field on V which corresponds to the C*-action of 
the vector space structure induced by g. Then Lie^ g = 2 • g . Because 
of Lies(W) = U, LieE^g) = (1 + j-)g, and E = j^dip(e) we have also 
Lie £ g = 2-g for the vector field e, which corresponds to the C*-action of 
the old vector space structure. The difference e — e satisfies Lie e -e(g) = 
and is a generator of a 1-parameter group of isometries. As it is also 
tangent to the union of reflection hyperplanes, it vanishes. The vector 
field e = e determines a unique space of linear functions on V and a 
unique vector space structure. □ 

20. 3-DIMENSIONAL AND OTHER F-MANIFOLDS 

The F-manifolds in chapters 16-18 were special in several aspects: 
the analytic spectrum was weighted homogeneous and a complete in- 
tersection. Therefore always an Euler field of weight 1 existed, and the 
tangent spaces were Frobenius algebras. Furthermore, the stratum of 
points with irreducible germs of dimension > 3 had codimension 2. 

Here we want to present examples with different properties. A partial 
classification of 3-dimensional germs of massive F-manifolds will show 
that already in dimension 3 most germs are not simple and do not even 
have an Euler field of weight 1. Examples of germs (M,p) of simple 
F-manifolds such that T P M is not a Frobenius algebra will complement 
Theorem 18.3. 

First, a construction which is behind the formulas for A n , B n , H$, 
him) in Theorem 18.5 b)i) provides many other examples. 

Proposition 20.1. Fix the following data: (M, 0) = (C n ,0) ; 

(Z,0) = (C, 0) x (M, 0) with coordinates (x,t) = (x, £1, ..., t n ), 

the projection i\z '■ (Z, 0) — > (M, 0), 

the 1-form az '■= dt\ + xdt2 + ... + x n ~ 1 dt n on Z , 

the function t 2 (x, t) := t 2 + 2a;t 3 + ... + (n — \)x n ~ 2 t n , 

an isolated plane curve singularity (or a smooth germ) f : (C 2 ,0) — > 

(C, 0) with f(x, 0) = x n ■ unit e C{x},^ 

the subvariety C := {(x, t) G Z \ f(x,t 2 ) = 0} C Z. 
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a) The map 

a c : T M ,o -► O c ,o, X ^ a z {X)\ c (20.1) 

(X is a lift of X to Z) is welldefined and an isomorphism of Om,o~ 
modules. (M, 0) with the induced multiplication on Tm,q is an irre- 
ducible germ of a massive F-manifold. Its analytic spectrum is isomor- 
phic to (C,0) = (C n_1 ,0) x (/^(O)^). For each t G M the tangent 
space T t M is isomorphic to a product of algebras C{x} / (x k ) and is a 
Frobenius algebra. 

b) An Euler field of weight 1 exists on (M, p) iff the curve singularity 
f(x,y) is weighted homogeneous. 

c) Suppose that mult f — n. Then the caustic is K, = {t G M \ t 2 = 
0}. The germ (M,t) is irreducible for all t E JC, so the caustic is equal 
to the fi-constant stratum of (M, 0). The modality is mod M (M, 0) = 
n — 2 (the maximal possible). 

Proof: a) az is exact on C reg because of daz = dxdt 2 . One can 
apply Corollary 15.2. 

b) Corollary 7.5 b). 

c) For t 2 — fixed we have f(x,t 2 ) = x n ■ unit G C{x,t 3 , ...,t n }. 
Thus the projection -kq '■ C — *■ M is a branched covering of degree n, 
with vr c : 1 ({t | t 2 = 0}) = {0} x {t \ t 2 = 0} and unbranched outside of 
{t | t = 2 = 0}. The analytic spectrum is isomorphic to C. □ 

Remarks 20.2. i) The function t 2 is part of a coordinate system on 
T*M for a different Lagrange fibration: the coordinates 

V\ = 2/i, V2 = 2/2, Vi = Vi- y'f 1 for i > 3 , (20.2) 

*i = ti, h = h + 2y 2 t 3 + ... + (n- l)y 2 ~H n , U = U for i > 3 

satisfy 

n n 

2_]dyidti = 2_]dyidti = da . (20.3) 

i=l i=l 

The analytic spectrum of an F-manifold as in Proposition 20.1 is 

L = {(y,t) G T*M | yi = l,f(y 2 ,f 2 ) = 0, y t = for i > 3} . (20.4) 

It is a product of Lagrange curves. 

ii) Another different Lagrange fibration is behind the formulas for 
D4,F4,H4 in Theorem 18.5 b)ii). There are many possibilities to gen- 
eralize the construction of examples above. 
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In dimension 3, there exist up to isomorphism only two irreducible 
commutative and associative algebras, 

Q (1) := C{x}/{x 3 ) and (20.5) 

Q^ := C{x,y}/(x 2 ,xy,y 2 ) . (20.6) 

Q^ is a Frobenius algebra, Q^ not. 

Theorem 20.3. Let (M,p) be an irreducible germ of a 3- dimensional 
massive F-manifold with analytic spectrum (L, A) C T*M. 

a) Suppose T P M = Q^ 1 ' . Then (L, A) has embedding dimension 3 or 
4 and (L, A) = (C 2 , 0) x (C, 0) for a plane curve (C, 0) C (C 2 , 0) with 
mult(C',0) < 3. An Euler field of weight 1 exists iff (C',0) is weighted 
homogeneous. 

b) Suppose T P M = Q« and (L, A) =* (C 2 ,0) x (C, 0) with 
mult(C", 0) < 3. Then ((M,p), o, e) is one of the germs A^,B^,H^. 

c) Suppose T P M = Q« and (L, A) =* (C 2 ,0) x (C',0) with 
mult (C',0) = 3. Then the caustic K is a smooth surface and coin- 
cides with the ^-constant stratum; that means, T q M = Q^ for each 
q e /C. The modality is mod M (M, p) = 1 (the maximal possible). 

d) Suppose T p M = Q^ . Then (L, A) has embedding dimension 5 
and (L, A) = (C, 0) x {L^'\ 0). Here (L^ r \ 0) is a Lagrange surface with 
embedding dimension 4- Oiw is a Cohen-Macaulay ring, but not a 
Gorenstein ring. 

Proof: a) One chooses coordinates (£1,^2, £3) for (M,p) (as in the 
proof of Lemma 15.3) with e = -M- and 

C-[J-] = m 2 cT p M. (20.8) 

ot 3 

The dual coordinates on (T*M,T*M) are y±, ...,y n . There exist func- 
tions a , Oi, 02, 60, bi, b 2 £ C{t 2 , £3} with 

L = {(V,t) I Vl = 1,2/3 = & 2?/2 + %2 + &0, 

2/2 = «22/| + Oiy 2 + a } . (20.9) 

The Hamilton fields of the smooth functions y\ — 1 and 2/3 — X^=o ^2/2 
are -M- and gr - + ••■ in T*M. They are tangent to L. Therefor (L, A) = 
(C 2 , 0) x (C, 0) with (C, 0) =* (L, A) nr p *M (cf. Proposition 7.4). The 
statement on the Euler field is contained in Corollary 7.5 b). 

b) We have mult(C",0) < 2; and the intersection multiplicity of 
(C, 0) with a suitable smooth curve is 3. So, (C, 0) is either smooth 
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or a double point or a cusp. In the first two cases, one can apply 
the correspondence between F-manifolds and hypersurface or bound- 
ary singularities (Theorem 16.7 and Theorem 17.7) and the fact that 
As, Bs, and C 3 are the only hypersurface or boundary singularities with 
Milnor number 3. 

Suppose (C, 0) is a cusp and ((M,p), o, e) is not H 3 . Then it is not 
simple because of Theorem 18.3. The /i-constant stratum S^ = {q G 
M I T q M = Q^} is more than the e-orbit of p. It can only be the 
image in M of the surface of cusp points of L, because at other points 
q close to p the germ (M, q) is A\ or Ai x A 2 ' 

So at each cusp point A' of L the intersection multiplicity of T*, x ,sM 
and (L, A') is 3. This property is not preserved by small changes of the 
Lagrange fibration (e.g. as in Remark 20.2 i)). But Givental proved 
that a versal Lagrange map is stable with respect to small changes of 
the Lagrange fibration ( [ |Gi2| | p 3251, Theorem 3 and its proof). This 
together with chapter 9 yields a contradiction. 

c) In this case, at each point A' (close to A) of the surface of singular 
points of L the intersection multiplicity of T*, X ,,M and (L, A') is 3 and 
the map germ n : (L, A') — > (M, tt(A')) is a branched covering of degree 
3. This implies all the statements. 

d) If the embedding dimension of (L, A) is < 4 then (L, A) = (C 2 , 0) x 
(C, 0) for some plane curve (C, 0) by Proposition 7.4. Then (L, A) 
is a complete intersection and the tangent spaces T p M are Frobenius 
algebras. 

So if T p M = Q^ 2 ' then the embedding dimension of (L, A) is 5. The 
ring O L {t) is a Cohen-Macaulay ring because the projection L^ r > — > 
M^ r ' of the restricted Lagrange map is finite and flat. It is not a 
Gorenstein ring because T P M is not a Gorenstein ring. □ 

The next result provides a complete classification and normal forms 
for those irreducible germs (M, p) of 3-dimensional massive F-manifolds 
which satisfy T P M = Q and whose analytic spectrum consists of 
3 components. Part a) gives an explicit construction of all those F- 
manifolds. 

Theorem 20.4. a) Choose two discrete parameters P2,P3 € N 
with p 2 > P3 > 2 and choose p 3 — 1 holomorphic parameters 
{90, 9x, -,9 P3 -2) e C* x C P3 ~ 2 with g ^ 1 if p 2 =p 3 - 

Define (M, 0) := (C 3 ,0), 
(Z, 0) := (C, 0) x (M, 0) with coordinates (x,ti,t2,t 3 ) = (x,t), 

g--=E?=- 2 9it 2 + t p r 2 -t 3 , 

/i:=0, h:=t\\ h:=tf-g, 
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C := 
62 («2, 

(b 2 u 

bi(t 2 , 

the 1 

i) 


UliC l :=[Jl 1 {(x,t)eZ\x = ^}cZ 

h) := (ps- g + h- I*;)- 1 ■ (Ps- 9 + h- §; - 
i a um£ in C{t 2 ,t 3 }), 

h):=-b 2 - P2 -tf-\ 

-form az '■ = dti + xdt 2 + {b 2 x 2 + b\x)dt 3 

Then 


1 

P2 • ^2 

on Z. 








= h ^ +bl w 2 fori 

= d(*i + /i)h for i = l, 


= 1,2,3, 
2,3. 


ii) 


The 


map 










a c : 


Tm,o -> Ceo, X h-> a z {X) 


Ic 



(20.10) 
(20.11) 

(20.12) 

(X is a lift of X to Z) is welldefined and an isomorphism of Om,q- 
modules. (M, 0) with the induced multiplication on Tm,o is an irre- 
ducible germ of a massive F-manifold with T M = Q^ . Its analytic 
spectrum is isomorphic to (C, 0) = (C 2 ,0) x (C, 0), with 

(c", 0) = (c, 0) n ({(x, t) I h = h = 0}, 0) . (20.13) 

Hi) The caustic is /C = {t G M \ t 2 = 0} and coincides with the 
bifurcation diagram B and with the fi-constant stratum. 

iv) The functions ti+ fi\d , % = 1,2,3, combine to a function F : C — > 
C which is continuous on C and holomorphic on C reg = CC\{(x, t) \ t 2 7^ 
0}. The Euler field E on M — JC with blc\m-ic(E) = F\m-k i s 

E = t ^ + -t*4~ + — 1 —2 ((P2 - Ps)9 - t 2 ^-) ■ J- . (20.14) 
dh p 2 dt 2 p 2 tf dt 2 ' dt 3 

The following conditions are equivalent: 

a) F is holomorphic on C and E is holomorphic on M , 
f3) ps = 2 or (p 2 = p 3 > 3 and Oj = for 1 < i < p 3 — 2), 
7) the curve (C, 0) is weighted homogeneous. 

b) Each irreducible germ (M,p) of a massive F-manifold such that 
T P M = Q^ and such that (L, A) has 3 components is isomorphic to 
a finite number of normal forms as in a). The numbers p 2 and p 3 are 
determined by (L, A). The number of isomorphic normal forms is < 2p 2 
ifP2 > P3 and < 6p 2 if p 2 = p 3 . 

Proof: a) i) Direct calculation. 

ii) Slq is an isomorphism because b 2 is a unit in C{t2,^3}- One can 
apply Corollary 15.2 because of (20.11). For the analytic spectrum see 
Theorem 20.3 a). 
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iii) The branched covering (C, 0) — ► (M, 0) is branched along 
{(x, t) | x — t 2 — 0}. Compare Theorem 20.3 c). The generating 
function F : C —*■ C has three different values on 7r^ 1 (t) for t G M with 
t 2 ^0 because of (20.11) and the definition of /$. Therefore K, — B. 

iv) (20.14) can be checked by calculation, a) •<=>- /3) follows. Corol- 
lary 7.5 b) shows a) •<=>- 7) (one can see (3) •<=>- 7) also directly). 

b) We start with coordinates {ti,t 2 ,t 3 ) for (M,p) as in the proof of 
Theorem 20.3 a). The proofs of Theorem 20.3 a) and Lemma 15.3 b) 
give a unique construction of data (Z,0) = (C, 0) x (C 3 ,0), (C, 0) C 
(Z, 0) and 

a z = dti + xdt 2 + {b 2 {t 2 ,t 3 )x 2 + bi(t 2 ,t 3 )x + b (t 2 ,t 3 ))dt 3 (20.15) 

as in Corollary 15.2 for the germ (M,p) = (C 3 , 0) of an F-manifold. 

(C, 0) = \J i=1 (Ci, 0) is the union of 3 smooth varieties, which project 
isomorphically to (C 3 ,0), and is isomorphic to the product of (C 2 ,0) 
and (C, 0) n ({(x, t) \ U = t 3 = 0}, 0). 

The components (Cj,0) can be numbered such that the intersection 
numbers of the curves (Cj, 0) D ({(x, t) \ t\ — t 3 — 0}, 0) are p 2 — 1 for 
i — 1,2 and P3 — 1 for i = 1, 3 and for i = 2, 3. The numbers p 2 and P3 
are defined hereby and satisfy p 2 > p 3 > 2. 

The 1-form az is exact on C re9 and can be integrated to a continuous 
function F : (C, 0) — > (C, 0) with F\ Ci = t\ + f\ for a unique function 
fi E C{h,t 3 }. Then C7, = {(x,t) \ x = §&} and 

We will refine (ti, t 2 , t 3 ) in several steps and change Z, C, az, fi,f2,h 
accordingly, without explicit mentioning. 

1st step: {ti,t 2 ,t 3 ) can be chosen such that (C, 0) — >■ (C 3 , 0) is 
branched precisely over {t G C 3 | t 2 = 0} . 

2nd step: t\ can be changed such that j\ = 0. 
Then C\ — {(x, t) \ x = 0} and 

df 
d n d = {(x,t) I x = = -^} = {(x,t) I x = 0,t 2 = 0} . (20.17) 

OT2 

Because of fildnd = /llcinQ = 0, the functions f 2 and f 3 can be 
written uniquely as f 2 = tf -g,f 3 = tf ■ g with p 2 ,p 3 > 1, g,g G 
<£{t 2 ,t 3 } - t 2 ■ C{t 2 ,t 3 }. Now (20.17) shows §£ = if -1 • «mt and 
Pi > 2. Therefore p, = pi and 5^ and (7 are units, with g(0) ^ g(Q) if 

P2 =P3- 
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3rd step: t% can be chosen such that / 2 = t 2 2 



"2 • 

(20.16) yields bo = for % — 1 and &i = —b 2 • £>2 • ^2 2 ~ f° r 2 = 2 and 

for i = 3. The first, third and fifth factor on the right are units, 
therefore we have -^- = t 2 3 ~ ■ unit. 

4th step: t 3 can be changed such that g = X)f=o 9* ' ^2 + ^2 3_ ' ^3- 

We have brought the germ (M,p) to a normal form as in a). The 

numbering of Ci, C 2 , C 3 was unique up to permutation of C\ and C 2 if 

p 2 > £>3 and arbitrary if p 2 — p%. The choice of t 2 was unique up to a 

unit root of order p 2 . Everything else was unique. □ 

Remark 20.5. Results of Givental motivate some expectations on the 
moduli of germs of F-manifolds, which are satisfied in the case of The- 
orem 20.4. 

An irreducible germ (M,p) of a massive F-manifold is determined 
by its restricted Lagrange map (L (r) , A (r) ) ^ (T*M^ r \T*M^) -* 
(M( r ',p( r ') (chapter 9). Suppose that (M,p) is 3-dimensional with 
T P M = Q^\ Then (L^ r >,X^ r ') decomposes into a product of two La- 
grange curves, a smooth one and a plane curve (C, 0) (Theorem 20.3 
a), Proposition 7.4). 

If we fix only the topological type of the curve (C, 0), we can divide 
the moduli for the possible germs (M,p) into three pieces: 

i) moduli for the complex structure of the germ (C, 0), 
ii) moduli for the Lagrange structure of (C',0), 
iii) moduli for the Lagrange fibration in the restricted Lagrange 
map. 

Within the /^-constant stratum S? = {q E M \ T q M = Q^} of a 
representative M, the modules of type i) and ii) are not visible because 
the Lagrange structure of the curve (C, 0) is constant along S^. 

But the modules for the Lagrange fibration are precisely reflected 
by S^ because of a result of Givental [Gi2|| (proof of Theorem 3): as a 



miniversal Lagrange map, the restricted Lagrange map is stable with 
respect to small changes of the Lagrange fibration which preserve the 
symplectic structure; that means, the germ of the Lagrange map after 
such a small change is the restricted Lagrange map of (M, q) for a point 
q E S^ close to p. 

In view of Theorem 14.2 and Theorem 20.3 b)+c) there is 1 module of 
type iii) if mult(C", 0) = 3 and no module of type iii) if mult(C", 0) = 1 
or 2. 
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Fixing the complex structure of the plane curve (C',0), the choice 
of a Lagrange structure is equivalent to the choice of a volume form. 
Equivalence classes of it are locally parametrized by HQ iv ((C',0)) 
( [pi2|| (Theorem 1), ||Va|| ), so the number of moduli of type ii) is 
fi — t (Theorem 7.2 b)). It is equal to the number of moduli of 
right equivalence classes of function germs / : (C 2 , 0) — > (C, 0) with 
(/-i(0),0)-(L7',0). 

The //-constant stratum of a plane curve singularity in the semiuni- 
versal unfolding is smooth by a result of Wahl ( | |Wah| , cf . also |Mat{ | ) 



and its dimension depends only on the topological type of the curve. 
So one may expect that the number of moduli of types i) and ii) to- 
gether depends only on the topological type of (C, 0) and is equal to 
this dimension. 

(But a canonical relation between the choice of a Lagrange structure 
and the choice of a function germ for a plane curve (C, 0) is not known.) 

In the case of Theorem 20.4 these expectations are met: the topolog- 
ical type of the plane curve is given by the intersection numbers P2 — 1 
and P3 — 1; the last one g P3 -2 of the complex modules is of type iii), it is 
the module for the /i-constant stratum and for the Lagrange fibration; 
the other p 3 — 2 modules (g , ...,g P3 _ 3 ) are of type i) and ii). One can 
check with | Matj| (4.2.1) that p^ — 2 is the dimension of the //-constant 



stratum for such a plane curve singularity. 

Finally, at least a few examples of germs (M, p) of F-manifolds with 
T M = Q® shall be presented. 

Proposition 20.6. Consider M = C 3 with coordinates (ti,t 2 ,t 3 ) and 
T*M with fiber coordinates yi, 1/2, 1/3- Choose P2,P3 G N>2- Then the 
variety 

L = {(y,t)eT*M I yi = i, y 2 (y2-P2t P 2 2 - 1 )=y2y3 

= 1/30/3 ~P3t P r 1 )=0} (20.19) 

has three smooth components and is the analytic spectrum of the struc- 
ture of a simple F-manifold on M with T M = Q^ . The field 

9 19 19 , 

is an Euler field of weight 1. 

Proof: One checks easily that a = y\dt\ + 7/2^2 + yzdt% is exact 
on the three components of L, that the map a<? : T",/ — > tt*Ol is an 
isomorphism of 0M- m odules, and that E in (20.20) is an Euler field. 
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The weights of E are positive. This shows via the Lyashko-Looijenga 
map that (M, o, e) is a simple F-manifold (cf. the proof of Theorem 

18.4 a)). □ 



Remark 20.7. In [ |Gi2|| (Theorem 15) the restricted Lagrange maps of 



two other series of simple F-manifolds with M = C n and TqM not a 
Frobenius manifold are given, the series H„ (n > 3) and Q n (n > 4) 
(also Si = A u H 2 = H 2 , Q 2 = A 2 , Q 3 = H 3 ). 

They have Euler fields of weight 1 with positive weights. The analytic 
spectra of S n and Q n are isomorphic to C x E„_i(2n — 1) and C 2 x 
£ n _ 2 (2n — 3), respectively. Here £fc(2& + 1) is the open swallowtail, 
the subset of polynomials in the set of polynomials {z 2k+1 + a 2 z ~ x + 
... + a 2 fe+i | a 2 , ..., a 2 fc+i G C} which have a root of multiplicity > k + 1 
( [ pi2| p 3256). It has embedding dimension 2k. 



The germs ((M, 0),o,e) are irreducible for S n and f2 n , the socle 
Ann<r M(m) of TqM is the maximal ideal m C TqM itself in the case 
of S ra and has dimension n — 2 in the case of f2 n . 

Givental [|Gi2|| (Theorem 15) proved that the germs (M, 0) for S n 



and fi n are the only irreducible germs of simple F-manifolds whose 
analytic spectra are products of smooth germs and open swallowtails. 
Generating functions in the sense of Definition 15.4 are due to O.P. 
Shcherbak and are given in ||Gi2j| (Proposition 12). 
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